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Abstract
Solitons in discrete optical systems have been a topic of keen interest over the
past decade. In a diffraction managed waveguide array, where the waveguide’s
diffraction profile is varied periodically in the direction of propagation, the
slow evolution of the electric field envelope is modelled by a nonlocal discrete
equation that exhibits soliton solutions numerically. In this paper, we verify
the validity of the asymptotic approximation, demonstrating that solutions of
the averaged equation are close in the l2 sense to those of the original model
for long time scales. Moreover, we prove that the averaged equation has stable
ground state solutions, complementing previous experimental and numerical
observations. Finally, we show that for a generalization of the averaged
equation, ground states of an associated Hamiltonian exist if and only if their
l2 norm exceeds a certain excitation threshold, which depends on the system’s
dimension and degree of nonlinearity.

Mathematics Subject Classification: 35B40, 39A12, 49J40, 78A45

1. Introduction

Over the past two decades, spatial solitons have been the focus of intense research activity [1,2].
A particular area of interest has been discrete solitons, which can arise in such diverse settings
as solid state physics, biological systems, Bose–Einstein condensates and nonlinear optics
[3–7]. In general, discrete solitons are self-trapped states arising from a balance of linear and
nonlinear effects. In the context of nonlinear optics, these solitons can arise, for example, in
discrete networks such as waveguide arrays [8, 9], where the required balance of linear and
nonlinear effects comes from a type of ‘diffractive broadening’ because of the weak evanescent
coupling between adjacent waveguides and self-focusing due to Kerr nonlinearity.
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Los Alamos participates in president’s
visit to Argonne National Laboratory

Jill Trewhella, far right, Bioscience (B) Division leader,
briefed President Bush, left, and other officials during
a visit to Argonne National Laboratory in Illinois in
July. Trewhella talked about DNA pathogen sequencing
and analysis technologies, one of several Department
of Energy/National Nuclear Security Administration
technologies that can be used in the nation’s homeland
defense efforts. With the president are, from left to
right, Rep. Dennis Hastert, R-Ill., and Raymond
Orbach, director of DOE’s Office of Science. Also
attending the presetation is Tom Ridge, the president’s
Homeland Security director. Photo courtesy of the White House

by David Lyons

Technologies developed at Los Alamos
and other national laboratories that

can be used in the nation’s homeland secu-
rity efforts were among those showcased last
month at Argonne National Laboratory
during a visit by President Bush.

Bush; Rep. Dennis Hastert, R-Ill.;
Department of Energy Secretary Spencer
Abraham; and Homeland Security Director
Tom Ridge visited Argonne National
Laboratory outside Chicago for briefings from
DOE/National Nuclear Security
Administration laboratory personnel on
DOE’s homeland security efforts. 

Los Alamos played a significant role in the
technology demonstration, which took place
just before the president’s speech. Los Alamos
provided three of the five demonstrations for
the president, including the National
Infrastructure Simulation and Analysis
Center (NISAC), DNA pathogen sequencing
and analysis technologies and the Biological
Aerosol Sentry and Information System
(BASIS) that was deployed at the Winter
Olympics in Utah. Steve Rinaldi, NISAC joint
director for Sandia and Los Alamos, discussed
critical infrastructure protection issues;
Bioscience (B) Division Leader Jill Trewhella
briefed the President on DNA analysis; and
Kristin Omberg of Systems Engineering and
Integration (D-3) presented the BASIS system.

Raymond Orbach, director of the DOE
Office of Science, led the demonstration tour,
with assistance from presenters from the labo-
ratories. The technology demonstration also
included Argonne’s critical infrastructure
work and its Program for Response Options
and Technology Enhancements for Chemical
Terrorism, or PROTECT, chemical detection
system; Sandia’s decontamination foam; and
a demonstration of search equipment by a
member of the Nuclear Emergency Support

Team from Bechtel Nevada. The presenters
also gave briefings to Illinois Gov. George
Ryan and members of the Illinois congres-
sional delegation.

During his speech to employees and the
media, Bush said, “I’ve just come back from
viewing some demonstrations of the great
work done at national laboratories, whether
it be here, or Los Alamos, or Sandia or others.
The American people need to know we’ve got
a lot of brain power working on ways to deal
with the threats that we now face as we head
into the 21st century.”

Trewhella said her discussions with the
president went very well. “He was very
engaged, asking a lot of questions,” she said.
“We spent about five minutes discussing how
we built the capability to respond to last fall’s
anthrax attacks from our work that sits at the
intersection of basic biology and our nonpro-
liferation and counterproliferation missions.

“It was a great thrill to be there,” Trewhella
continued. “He was very interested in the spe-
cific technologies that we had that could help
defend the homeland.”

Trewhella added that on his way out Bush
said, “Say hello to those folks back in New
Mexico. It’s great country down there.”

Omberg said that Bush asked about the
future of sensors and detection technology,
asking whether the BASIS Distributed
Sampling Units would be the same size 10
years from now. The president also expressed
interest in the BASIS Winter Olympics deploy-
ment, she said.

Science that serves society
by Laboratory Director John Browne

The recognition Los Alamos National Laboratory receives
through its participation in R&D Magazine’s annual, 

international R&D 100 Awards competition calls attention to the
broad scope of achievements that the Laboratory contributes to 
technological innovation in this country and, indeed, the world. 
Our discoveries in science and the applications that result play an
important role in shaping the future of our nation. When we
transfer our inventions and technological advances from the
Laboratory to the private sector for commercial development, we
strengthen the nation’s economic security by enhancing our indus-
trial competitiveness.

I commend our researchers for the diligence and creativity they have applied to devel-
oping the technologies submitted to this year’s competition. I am pleased with the diversity
of applications, which range from data transmissions and security enhancements to health
and safety, manufacturing and energy sustainability. 

It is important to remember that these innovations have been born out of Los Alamos’
goal to create science that truly serves society. I believe every submission is a winner for the
Laboratory, the University of California and the American taxpayer.
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for this condition to be satisfied will depend on d and σ , and the problem is intimately related
to the following question.

For what d and σ does there exist a positive minimal constant CDMNLS for the inequality∫ 1

0

∑
n∈Zd

|(L(z′){u})n|2σ+2 dz′ � C

(∑
n∈Zd

|un|2
)σ

(−δ2u, u), (34)

where u ∈ l2(Zd)?

Indeed, if such a minimal constant exists and we define

λthreshold = sup{λ : (32) holds}, (35)

then λthreshold is related to CDMNLS through

Rσ,d = inf
u∈l2

(
∑

n∈Zd |un|2)σ (−δ2u, u)∫ 1
0

∑
n∈Zd |(L(z′){u})n|2σ+2 dz′

= 1

CDMNLS
(36)

by

λthreshold = ((σ + 1)κd̄Rσ,d)1/σ . (37)

If Rσ,d = 0, then by (36) there does not exist a finite minimal constant CDMNLS , and hence
no positive λ for which Iλ � 0. By proposition 4.1, Iλ < 0 for all λ > 0 and a ground state
exists by theorem 3.2. If Rσ,d > 0, then since (32) holds for all λ � λthreshold, ground states
of arbitrarily small energy do not exist. However, if λ > λthreshold, we will show that a ground
state exists. This motivates the following theorem.

Theorem 4.2 (excitation thresholds).

1. If σ < 2/d , then Rσ,d = 0 and by theorem 3.2 the Hamiltonian has ground states with
arbitrarily small energy.

2. If σ � 2/d , then

(a) Rσ,d > 0,
(b) If ‖u‖l2 = λ, then

H{u} � κd̄(−δ2u, u)

(
1 −

(
λ

λthreshold

)σ)
, (38)

where λthreshold > 0 is given by (37).
(c) H{u} has ground states if and only if the energy exceeds the excitation threshold

λthreshold defined by (37).

Proof of 1. We show the details of the proof for the case d = 1, σ = 1 and note where it
changes for general d and σ . For definiteness, let un(γ ) = exp(−γ |n|), where γ > 0. Now

∞∑
n=−∞

|un(γ )|2 =
∞∑

n=−∞
| exp(−γ |n|)|2 = 2

∞∑
n=1

exp(−2γ n) + 1 = 2 exp(−γ )

1 − exp(−γ )
+ 1,

which to leading order as γ → 0 is 1/γ .
Similarly,

∞∑
n=−∞

| exp(−γ |n + 1|) − exp(−γ |n|)|2 =
∞∑

n=−∞
exp(−2γ |n + 1|) + exp(−2γ |n|)

−2 exp(−γ (|n| + |n + 1|)),
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which to leading order as γ → 0 is γ . Finally,∫ 1

0

∞∑
n=−∞

|(L(z′){exp(−γ |n|)}|4 dz′ =
∞∑

n=−∞

(
h

2π

)4∫ π/h

−π/h

∫ π/h

−π/h

∫ π/h

−π/h

∫ π/h

−π/h

K(ω1, ω2, ω3, ω4)

×

 4∏

j=1

∞∑
n=−∞

exp(i(−1)jωjnh) exp (−γ |n|)

 dω1 dω2 dω3 dω4.

We make the change of variable ω′
j = ωj/γ , which gives∫ 1

0

∞∑
n=−∞

|(L(z′){exp(−γ |n|})|4 dz′

=
∞∑

n=−∞

(
γ h

2π

)4 ∫ π/γh

−π/γh

∫ π/γh

−π/γh

∫ π/γh

−π/γh

∫ π/γh

−π/γh

K(γω′
1, γω′

2, γω′
3, γω′

4)

×

 4∏

j=1

∞∑
n=−∞

exp((i(−1)j γω′
j nh) exp (−γ |n|)


 dω′

1 dω′
2 dω′

3 dω′
4.

Now to leading order as γ → 0, the kernel function

K(γω′
1, γω′

2, γω′
3, γω′

4) =
∫ 1

0
exp(−iD(z)P (γω′

1, γω′
2, γω′

3, γω′
4)dz,

where

P(γω′
1, γω′

2, γω′
3, γω′

4) = 2(cos(γω′
1h) − cos(γω′

2h) + cos(γω′
3h) − cos(γω′

4h))

is the constant 1. Thus, to leading order∫ 1

0

∞∑
n=−∞

|(L(z′){exp(−γ |n|})|4 dz ∼
∞∑

n=−∞

(
γ h

2π

)4 ∫ π/γh

−π/γh

∫ π/γh

−π/γh

∫ π/γh

−π/γh

∫ π/γh

−π/γh

×

 4∏

j=1

∞∑
n=−∞

exp(i(−1)j γω′
j nh) exp (−γ |n|)


 dω′

1 dω′
2 dω′

3 dω′
4

=
∞∑

n=−∞
| exp (−γ |n|)|4,

where
∞∑

n=−∞
| exp(−γ |n|)|4 = 2

∞∑
n=1

exp(−4γ n) + 1 = 2 exp(−4γ )

1 − exp(−4γ )
+ 1

is 1/γ to leading order as γ → 0. Evaluating the quotient that defines R1,1 gives

(
∑∞

n=−∞ |un(γ )|2)(∑∞
n=−∞ |(δu(γ ))n|2)∫ 1

0

∑∞
n=−∞ |(L(z′){u(γ )})n|4 dz′

∼ γ → 0

as γ → 0, so R1,1 = 0.
In the general case, we have∑

n∈Zd

|un|2 ∼ γ −d ,

(−δ2u, u) ∼ γ 2−d
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and ∫ 1

0

∑
n∈Zd

|(L(z′){u})n|2σ+2 dz′ ∼ γ −d ,

which yields Rσ,d ∼ γ 2−dσ → 0 for 2 > dσ . �

Proof of 2.
(a) We need only show that (34) holds for some positive C, as

CDMNLS � C �⇒ 0 <
1

C
� 1

CDMNLS
= Rσ,d .

We start by summarizing some results of Weinstein [14].

Discrete Sobolev inequalities. If u ∈ l2(Zd), then there is a constant C depending only on σ

and d so that the following inequality holds

∑
n∈Zd

|un|2σ+2 � C

(∑
n∈Zd

|un|2
)1+(σ/2)(2−d)

(−δ2u, u)σd/2, (39)

where 0 < σ < ∞ for d = 1, 2 and 0 < σ < 2/(d − 2) for d � 3.
Moreover, if σd � 2, then the upper bound on σ for d � 3 can be removed, and there

exists a positive minimal constant CDNLS in the inequality

∑
n∈Zd

|u|2σ+2 � C

(∑
n∈Zd

|un|2
)σ

(−δ2u, u), (40)

CDNLS = sup
u∈l2

∑
n∈Zd |un|2σ+2

(
∑

n∈Zd |un|2)σ (−δ2u, u)
.

We evaluate (40) at u = L(z){v} ∈ l2 and integrate over z, yielding∫ 1

0

∑
n∈Zd

|L(z){v}n|2σ+2 dz � CDNLS

∫ 1

0

(∑
n∈Zd

|L(z){v}n|2
)σ

(−δ2(L(z){v}), L{v})dz

= CDNLS

∫ 1

0

(∑
n∈Zd

|vn|2
)σ

(−δ2v, v)dz

= CDNLS

(∑
n∈Zd

|vn|2
)σ

(−δ2v, v).

Since (34) holds for the positive constant CDNLS we have Rσ,d > 0. The inequality also gives
a comparison between the two optimal constants,

CDMNLS � CDNLS, (41)

which through (36) and (37) imply that

λDNLS
thresh � λDMNLS

thresh . (42)

(b) Evaluating (32) with λ the optimal constant λthreshold gives∫ 1

0

∑
n∈Zd

|(L(z′){u})n|2σ+2 dz′ � (σ + 1)κd̄

λσ
threshold

(∑
n∈Zd

|un|2
)σ

(−δ2u, u)
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so that for any u ∈ Aλ, we have∫ 1

0

∑
n∈Zd

|(L(z′){u})n|2σ+2 dz′ � (σ + 1)κd̄

λσ
threshold

λσ (−δ2u, u)

and hence

H{v} = d̄κ(−δ2v, v) − 1

σ + 1

∫ 1

0

∑
n∈Zd

|(L(z′){v})n|2σ+2 dz′

� d̄κ(−δ2u, u)

(
1 −

(
λ

λthreshold

)σ)
.

(c) If λ > λthreshold, then by definition (37) the inequality (33) cannot be satisfied, so
by proposition 4.1, the infimum of the Hamiltonian is negative, which gives the existence of
ground states. If λ < λthreshold, then by proposition 4.1, Iλ � 0. In fact, if we choose a
sequence vk whose Kth element is a constant C(λ, K) for |n| � K and zero otherwise, then
this sequence satisfies

∑
n∈Zd |vk

n|2 = λ and, as a consequence of the d-dimensional energy
localization lemma 3.1, limk→∞ H(vk) → 0, so in fact Iλ = 0. Thus, by (38) evaluated at a
minimizer v∗,

0 � d̄κ

(
1 − λ

λthreshold

)σ

(−δ2v∗, v∗) > 0,

a contradiction. Thus, a ground state cannot exist for λ < λthreshold. �

5. Conclusions

We have demonstrated the validity of the asymptotic theory for the diffraction managed
nonlinear Schrödinger equation first developed in [10–12]. For the case σd < 2, we have
verified that a generalized averaged equation possesses ground state solutions of arbitrarily
small l2 norm, and in the case σd � 2, ground states exists if and only if a certain excitation
energy threshold is exceeded, where the excitation threshold is described in terms of a minimal
constant for a related Sobolev-type inequality. We note that in the regime where thresholds
exist, by (42) the threshold energy corresponding to the discrete nonlinear Schrödinger equation
may be less than that for the generalized averaged equation for diffraction management. For
isotropically diffraction managed systems, which are modelled by the generalized averaged
equation corresponding to (31), this potentially higher energy requirement for σd � 2 could
have implications for their use versus use of the slab waveguide.

Acknowledgments

The author thanks Mark Ablowitz, Boaz Ilan and Cory Ahrens for their insightful comments and
suggestions. This work was supported under NSF grants DMS-9810751 and DMS-0505681.

References

[1] Stegeman G I A, Christodoulides D N and Segev M 2000 Optical spatial solitons: historical perspectives IEEE
J. Select. Topics Quantum Electron. 6 1419–27

[2] Trillo S and Torruellas W (ed) 2001 Spatial Solitons (New York: Springer)
[3] Cai D, Bishop A R and Groenbech-Jensen N 1994 Localized states in discrete nonlinear Schrödinger equations

Phys. Rev. Lett. 72 591–5
[4] Davydov A S 1973 Theory of contraction of proteins under their excitation J. Theor. Biol. 38 559–69



Diffraction managed solitons 2297

[5] Scott A C 1985 Davydov solitons in polypeptides Phil. Trans. R. Soc. Lond. A 315 423–36
[6] Trombettoni A and Smerzi A 1998 Discrete solitons and breathers with dilute Bose–Einstein condensates Phys.

Rev. Lett. 86 2353–6
[7] Sukhorukov A, Kivshar Y, Eisenberg H S and Silberberg Y 2003 Spatial optical solitons in waveguide arrays

IEEE J. Quantum Electron. 39 31–50
[8] Christodoulides D N and Joeseph R I 1988 Discrete self-focusing in nonlinear arrays of coupled waveguides

Opt. Lett. 13 794–6
[9] Eisenberg H S, Silberberg Y, Morandotti R, Boyd A R and Aitchison J S 1998 Discrete spatial optical solitons

in waveguide arrays Phys. Rev. Lett. 81 3383–6
[10] Ablowitz M J and Musslimani Z H 2002 Discrete vector spatial solitons in a nonlinear waveguide array Phys.

Rev. E 65 056618
[11] Ablowitz M J and Musslimani Z H 2003 Discrete spatial solitons in a diffraction managed nonlinear waveguide

array: a unified approach Physica D 184 276–303
[12] Ablowitz M J and Musslimani Z H 2001 Discrete diffraction managed spatial solitons Phys. Rev. Lett. 87 254102
[13] MacKay R S and Aubry S 1994 Proof of existence of breathers for time-reversible or Hamiltonian networks of

weakly coupled oscillators Nonlinearity 7 1623–43
[14] Weinstein M I 1999 Excitation thresholds for nonlinear localized modes on lattices Nonlinearity 12 673–91
[15] Flach S, Kladko K and MacKay R S 1997 Energy thresholds for discrete breathers in one-, two-, and three-

dimensional lattices Phys. Rev. Lett. 78 1207–10
[16] Eisenberg H S, Silberberg Y, Morandotti R and Aitchison J S 2000 Diffraction management Phys. Rev. Lett. 85

1863–6
[17] Lin C, Kogelnik H and Cohen L G 1980 Optical pulse equalization and low dispersion transmission in single-

mode fibers in the 1.3–1.7 mm spectral region Opt. Lett. 5 476–8
[18] Gabitov I, Shapiro E G and Turitsyn S K 1995 Asymptotic breathing pulse in optical transmission systems with

dispersion compensation Phys. Rev. E 55 3624–33
[19] Ablowitz M J and Biondini G 1998 Multiscale pulse dynamics in communication systems with strong dispersion

management Opt. Lett. 23 1668–70
[20] Segal I 1963 Non-linear semi-groups Ann. Math. 78 339–64
[21] Zharnitsky V, Grenier E, Jones C K R T and Turitsyn S K 2001 Stabilizing effects of dispersion management

Physica D 152–153 794–817
[22] Lions P L 1984 The concentration–compactness principle in the calculus of variations. The locally compact

case, part 1 Ann. Inst. H Poincare 1 109–45
[23] Kunze M 2004 A variational problem with lack of compactness related to the nonlinear Schrödinger equation

Calc. Var. Partial Diff. Eqns 19 307–36


	1. Introduction
	2. The averaged equation
	2.1. Derivation
	2.2. Well-posedness
	2.3. Asymptotic validity

	3. Existence of ground states and stability
	3.1. Preliminary results
	3.2. Minimization
	3.3. Stability

	4. Excitation thresholds
	5. Conclusions
	 Acknowledgments
	 References

