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Abstract

The problem of the existence of stable solitary wave solutions for nonlinear Schrédinger-type
equations with a generalized cubic nonlinearity is considered. These types of equations have recently
arisen in the context of optical communications as averaging approximations to nonlinear dispersive
equations with widely separated time scales. In this paper, it is shown that under general conditions
on the kernel of the nonlocal term, stable standing wave solutions exist for these equations.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Nonlinear Schrédinger-type equations with nonlocal nonlinearity have arisen as asymp-
totic models governing a variety of physical phenomena, ranging from the flow of a
superfluid around an impurity, the propagation of electromagnetic waves in plasmas,
Bose—-Einstein condensation, and the slow evolution of internal waves in fluids of great
depth[3-5,18,19,22]In recent years, such equations have come up in the context of op-
tical communications as averaging approximations to the nonlinear dispersive equations
which describe pulse propagation in various types of optical fibers. In modern optical
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communication systems, the variations of an optical pulse’s envelope dynamics are gov-
erned by equations of the form

iug + Lu + 8|M|2M =0,
where
Lu = da(Quy + id3(Euyy,,

d; (&) are piecewise constant functions, arislthe ratio of the characteristic length scale of
local dispersion to that of nonlinearity, a small positive parameter. Specific examples of these
equations include the conventional dispersion managed nonlinear Schrodinger (DMNLS)
equation, wherelz(&) is periodic anddz(&) = 0, the higher order dispersion managed
nonlinear Schrédinger (HODMNLS) equation, where ba@slé) andds(&) are periodic,

and the “random” dispersion managed nonlinear Schrodinger equation (RDMNLS), where
d2(&) has a stochastic component afxd?) =0[1,2,8,10,20] Solutions of these equations
evolve on two widely separated time scales, which suggests the use of asymptotic methods.
To arrive at an averaged equation for (1) which describes the solution’s slow dynamics,
one first decomposes the dispersion coefficients into varying and average components,
di($) = acjci(.f) + &(d;), whered (¢) alternates betweettl and for physical reasons, the
effective average dispersiefd;) is assumed to be small and positive. Next, one performs
the change of variable= 7 {v}, whereZ is the solution operator for the linear dispersive
equation

iug + ood (& + ioad (&g =0

and, finally, one averages over the fast variations in the transformed equation. For each of
the above-mentioned cases, the averaged equation is of the general form

iv; + vy + A {v} =0, 1)
where
/V{v} = /4 exp(—i(k — k1 + ko — k3)t)]€(A)lA)11:)21A)3 dkq dko dk3 dr. (2)
R

Here” denotes the Fourier transforiy,=0(k;), A= 2?21 wjdj, Aj=kI — ki +ké — ké,
andx; € R. The kernel functiorK is obtained by averaging eé«'pZ?zl D(&)a;A;) over
¢, whereD(¢) = f5 d(&)d¢’

Redy— fim J5 expi Y3, D(&)oy4))de
{—o0 4 '

In typical physical situationsk (4) is real-valued and symmetric abotit= 0.
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A problem of both theoretical and physical interest is the existence and stability of soli-
tary wave solutions for (1) of the form(z, 1) = exp(iwz)w(r), where lim;- o w(r)=0.
In the context of optical communications, these solutions have potential for use as
bit-carriers in a high speed data stream. For both the averaged DMNLS equation and
averaged HODMNLS equation, the existence of stable solitary wave solutions has been
established12,21,25] with such solutions arising as constrained minima (ground states)
for a corresponding Hamiltonian. In more general cases, such as the averaged RDMNLS
equations, it is at first unclear that a variational technique can be used to find such so-
lutions. One potential technical difficulty, which arises from the fact that averaging is
typically performed in the Fourier domain, is that the nonlinearity may not be easily dis-
cernible in physical variables. In this paper, it is shown that under relatively mild con-
ditions on the kernel function that are typically met in applications, namely Khist
real-valued, positive, and lies ih1(R), the Fourier inversion of the nonlocal nonlin-
earity can be described in an explicit manner, leading to an explicit description of the
Hamiltonian. Moreover, using the structure of this Hamiltonian, we prove the following
theorem.

Theorem 1.1. Let K be real-valuedpositive and an element af1(R). Then there exists

a solution to the following constrained minimization probiem
Minimize

yf(u):/ |v,|2dt—}[ K(s)/ |.Z(s){v}|* dr ds
R 2 Jr R

over the set of admissible functions

o ) = {v € Hl(R),/ |v|2=z}.
R

This solution corresponds to a stable standing wave solutiofifor
Finally, we note that a fast numerical algorithm, first presentef@Jincan be used to

calculate solutions to this resulting eigenvalue problem. This work generalizes the analytical
results of{12,21,25]while complementing the numerical resultg29].

2. Fourier inversion of the nonlinearity

The first step in our analysis is to invert the Fourier transform of the nonlinear operator.
First we make the substitution

K(A) :/ exp(—iAs)K (s) ds
R
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in (2) to obtain
JA/{U} = /4 exp(—i(k — k1 + k2 — k3)1)
R
x ( / exp(—iAs)K (s) ds) 010203 dkq dko dks dr
R

_ / exp(—i(k — ki + ko — ka)1)
R4

3
x (/ exp(—i (Z och,-) s) K(s)ds) 010203 dky dk dka dr
R X
j=1

= /R exp(—ikt) /R K (s) exp(—i(o1k + aok? + ozk®)s)
x ( /DAR exp(ikir) exp(i(ogky + ook? + ogkd)s) iy dkg
x /R exp(—ikat) exp(—i(aaky + aok3 4 ogk3)s) Do diz
X /ﬂ% expliksr) expli(arks + ook + azk3)s) b3 dk3> ds dr.

We can simplify the above operator by recognizing that(&xpk ; + ozzklz. + O(3k/3-)S)ﬁj is
the Fourier transform of the solution to the linear equation ' '

l‘vx + ialvt — 02V¢r — iotgvm =0. (3)

If we denote the solution operator to this equatiom%\,&V simplifies to
N v} = /R exp(—ikt) (/R K (s) exp(—i(o1k + ook? + azk)s)
X |$(s){v}|2$(s){v}ds) d
= /ﬂ;{ K (s) (fR exp(—ikr) exp(—i(oik + aok? + ozk>)s)
x |$(s){v}|2$(s){v}dt> ds

- A K(s)(ssf(—s){|$(s>{v}|2$<s>{v}})A) ds
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and it is now clear that
N {v} =AAQ K ()L (=) {1 L ()0} 2L (5){v}} ds.

We note here tha¥” is an isometry orf*(R) for all s € R, as this property will become
important in later estimates.

3. Hamiltonian structure

We claim that the functional
i 2 1 4
H{vy= [ |v|°dr — - K ()| Z (s){v}|"dr ds 4)
R 2 Jr Jr

is 1 on H1(R), and moreover, that it is a Hamiltonian for Eq. (1), as
v, =JVHA,

wherelis the skew-symmetric operatet . First, we note tha#” is well defined o/ 1(R).
We apply the Sobolev-type inequalit§]

et a ey < Cllue 2y el 2 (5)

and the facts thak (s) € L1 and.Z is an isometry orH ! to show that

I%{v}léf |v,|2dt+}/ / IK (5)]1Z (s){v}|* dr ds
R 2 Jr Jr

=/ |vt|2dt+%f |K(s)|(f |f<s>{v}|4dr> ds
R R R

1
2 3
</R |vr | dt+§ /R |KOIClvOII7 2 v (D1 2R)) ds

C
- /R |vt|2dr+(§ ||v<z>||iz(R)||vt<r>||Lz(R>> /R K ()| ds <C.
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We now calculatév .# directly. Letv, u € H1(R) and consider

(VA (v), u)
— lim H (v + eu) — H(v)
e—0 &

im S loeu), 12di—3 [0 [ KL ) (e} *drds— [, [vr12di+3 [ [ K ()L (s){v}[*drds
e—0 &

:/ v,u}dt—}/ K(s) </ |$(s){u}|2$(s){v}£f(s){u}dt) ds + c.c.

R 2 Jr R

= —/ vyl dt — }/ K(s) </ fl’(—‘v){\f(s){v}lzf(s){v}}ﬁ dt) ds + c.c.
R 2 Jr R

= —/ vyl dt — }/ </ K(s)(,?(—s){lg’(s){v}\Zg(x){v}}ds) iwdr +c.c.
R 2Jr \Ur

= —/ (vn + %/ K(s)i’(—s){\,f(s){v}lz,f(s){v}}ds) wdr + c.c.
R R

which gives the weak form of the Euler—Lagrange equation (1). Now

1
I(V%(v),uHé/RIvzutldt+§/R/RIK(S)Ilff(S){v}Izlo?f(S){v}lIff{u}ldtds

1
=f |v,ut|dt+5f |K<s>|</ |$<s>{v}|3|${u}|dr> ds
R R R

1
<|Iv||H1||M||H1+§/RIK(S)I|I$(S){M}IILw|I$(S){U}IIL<><>
x/ (1L (s){v}|?dt) ds
R

1
<|Iv||H1||M||H1+§/RIK(S)I|I$(S){u}IIHlllf(S){v}llﬂl

x (f |$(s){v}|2dt> ds
R

1
=||v||H1||M||H1+§||M||H1||v||H1/ IK(S)I/ |v]? d dis
R R

SClvllgallull g

This shows tha¥ ## is bounded orH 1.
Using similar estimates, it can be shown that

| A (v +u) — H (v) = (VA (v), u)| = o(llull y2)
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asllul ;2 — 0, so that# is differentiable, and also that far v, w € H*
(VA (v) = VH (), w)| <Cllv — ull grllwll g1,

so that
(VA (v) — VA (), w)]

lwll g2

-0

(VA (v) — VA ()| g1 = sup

w#0

as|lv —ul g1 — 0,i.e.# isCton H'.
4. Properties of #

Here we present properties &f (v) that are essential to the minimization argument.

1. # (v) is bounded from below in/

Proof. An application of the Sobolev-type inequality gives
H W)= Nvel|?; — MAY? vyl 2 = (lvll 2 — €1)® — c2> — 00 (6)

forallv e HY(R), so.#; =inf ., # exists with.s; > — co. [
2. I, =infyey, #(v) <0

Proof. Letv € ./, and consider the rescaled functiorir) =9Y2y(y1) € .o/ ;. Evaluating
A atv, gives

0 2
yf(v,)=/ e dt—}/ K(s)/ |2 () {v,}|* dr ds
R | Ot 2 Jr R
ov ?

R

wherer’ = yt. Using a scaling property of the Fourier transform, we have

dt’—}f K(s)/ |2 (5){v,}|* dr ds,
R R

o' 2

L$){vy} = / exp(ikt) expli (sak + ook? + ask®)s) <y_1/213 (%)) dk
R ]

=12 fR expik’ (y1)) exp(i (e (yk') + o2(yk")? + a3 (pk’)®)s) D (k) dk’

1/2

=97 %uy (s, 1),
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wherek’ = % andu, (s, t') solves the linear equation
ou, ou, , &%,
3 e

with initial datav(z"). We may write

0 u,
3 Vo
i e =0

uy(s, 1) = Ly(s){v},

whereiv is an isometry orff* (R) and thus

H(vy) =7 / ‘
R

Now the integral ofl((s)fR |£2y(s){v}|4dt’ over any finite interval ins approaches a
constant ay — 0, since for anys finite, Qy(s){v} — () in HY asy — 0, which,
by (5), implies convergence ib*. Also, [, K (s) [ |-Z;(s){v}|*dr’ ds is finite for anyy,
which follows from previous estimates. Thus for every 0, there exists som& (¢) >0
independent of such that

/ K(s)/ |2, (s){v}|* dr’ ds <.
R\[-N(¢),N ()] R

If we write

%(vy)zyZ/ dr' — L (/ K(s)/ |2, (s) (v} ddr’
R 2 \JI=N@).N©] R

+/ K(s)/ |§y(s){v}|4dt/ds>
R\[-N(&),N ()] R

and take) — 0 at a rate say~ Wlsﬁ as¢ — 0, then to leading order we get

dt - = K(s)/ I,? (s){v}|* dt ds

a_v
or’

dt’—Z/ K(s)/ |2, (s) (v} |4 i’ ds.
2 Jr R

w 2
ot

H (vy) = C17? — Cay

which is negative fop small enough. [

3. A is subadditive
If 7, = infvep//1 A (v) thenf,11+;,2 < jkl + fgz

Claim. For 0> 1,79, < Qf,l
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Proof of claim. Now

fg/lz inf ' (v)

UE-‘%(};~

= inf #(0w)

we.o/ )

since
w2, =4 = |V0w|?, = 04

The claim follows from
1
f(uéﬂ(«/(?w):/ |(\/§w)t|2dz—§/ K(s)/ | L (v 0w} * dr ds
R R R

2

=9/ |w,|2dt—9—/ K(s)/ | Z{w}* dr ds
R 2 Jr R

<9(f |wt|2dt—} K(s)/ |§€{w}|4dtds>
R 2 Jr R

for0>1andw € o7/;. O

Proof of subadditivity. If we set/l; = oy with o < 1, we have

I aiio =T wiprip <@+ DI, =0 1+ I, <Inu+55, U

4. A minimizing sequence fa¥’(v) cannot vanish or split in the sense of Libeencen-
tration compactness lemnja5].

Proof. Letv; be a minimizing sequence fof’(v) and first assume that a subsequenge
vanishes in the sense of the concentration-compactness lemma, i.e.
ForanyR >0

y+R
lim sup |vmk|2dt — 0.
k— 00 yeR Jy—R

Sincevy, is a minimizing sequence, for sorkg> 1 we have that

/|(vk>t|2dr—3/ K(s)/ Ll dr ds <0,
R 2R R

for k > kg, and so fokk large enough

/ (K(s)/ |${vk}|4dt) ds > 0.
R R
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Thus on some set of positive measure
K(s)/[R | L (s){u}* dr >0

so for some finita*, we have
K(s%) fR | L (s") (v} *dr > 0.

SinceK (s) is positive, this gives

/R | (s*){v}|* df > 0. (7)

Now a lemma of Cazena\é] gives that
y+1

4 2 2
/ |ul™dr < Cllull7 sup |ue|* dlt
R yeR Jy—1

foranyu € HY(R). SinceZ(s*){vy} € H1(R), this lemma, in combination with (7), gives

y+1
0< [ 126t <CIL 6w Basup [ 1260w
R yeR Jy—1

2 v 2
= Cllvgll 72 sup |-L (™) {vi | dt
yeR Jy—1
S0
y+1

sup/ | (s*){ve} |2 dt > 0. (8)

yeR Jy—1
Now .Z is the solution operator for the linear equation (3), so we may apply the following
localization lemma to show that the initial data cannot vanish.

Lemma 4.1. Consider the linear equation
iug +ionu; — Uy — 103Uy =0 )

withu € HY(R), lull2ry = 1,anda; € R. Letu, (s, t) be a sequence of solutions (8}
and define

y+1
en(s) = supf lun (s, 1)|% dr.
yeR Jy—1

If u, (0, t) is vanishing initial datallim,,, o £, (0) = 0) with the constraint|u, || .2, = 1,
then the sequence of the solutionss, ¢) is also vanishinglim,,_, « &,(s) = 0).
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Proof. Lety,, (1) be a smooth approximation to the characteristic function on the interval
[—m, m], with the property thaic;y,, | < % Ln @) =1if 1] <1, andy(r) =0 if |t| =>m.
Multiplying (9) by iy, (1), its conjugate by y,, (), subtracting and integrating oveyields

d
—/ Xm|u|2dt: —2a1Re/ utﬁ;(mdt+2azlm/ Yttty dt
ds R R R

+ 20(3 Re/ Xmlx_”/t”t dr.
R
Now

1
Re/ utﬁxmdt:——/ o lul?dt,
R 2 /R

Im/ Xmﬁu,,dt:—lmf(Xmﬁ,-|-x;nzz)u,dt=—lm/ pamTITNe
R R R

and
Re/ Xml/_ll/tn[ dt= — Re/ (me_l[ +X;,nb_i)1/l[l dt
R R
= — Re/ YUty df — Re/ Yotttz Ot
R R
1 [ diul?
:E o di I + Re (ymu+ymut)ut
Overall,

d
a/RXder:al/ X;n|u|2dt—2a2|mf o) iy dr

+ 2063( / lu %y, dr + Re/ Aol dt>

and integrating from 0O ts gives

/xm|u<s,z)|2dr=/ Lm0, 1) |2 dt
R R

s
+/ < meIMI dr — Zazlm/ Aottty dt
R
+20€3< /|M;| dl+R6/ 7;,/11/_”41(11‘)) dz’

</Rxmlu(0, D12 dt + Crn(lull g, 175, 2, 1o, 7). (10)

whereC,, — 0 asm — oc.
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Letu, (s, t) denote a sequence of solutions of (9) with vanishing initial data, i.e.

y+1
&:(0) = sup |un (0, 1)|?dr — 0.
yeR Jy—-1

If &, (z) <&, (0) then we are done, so lgt(z) > &,(0). Choosingy,, (+ —t,) such thatitis
centered with respect ig, (s, t), we have

/R Tm,, 1Un (5, D12 dt > e, (s)
and also

/R T 1 (0, )2 dt < 2,8, (0)

and taking the limitn, — oo with m,, ~ ‘/Sn—%o) in (10) gives the result. O

Combining this lemma with (8), we have

y+R 5 y+1 ) y+1 )
sup |ug|©de > sup |ve| € dt > sup/ |Z (s){vi}|dt >0
yeR Jy—R yeR Jy—1 yeR Jy—-1

contradicting the assumption that a subsequepgevanishes.
Now assume that,, splits: There exists & y < 4 such that for any > 0 there exist&g
and two sequences,, w; with compact support so that fér> kg

il g + llwiell 1 <4 SUp [[vmy Nl g1,
keN

”Umk — (ur + wk)”LZ < 2,

ekl Lz — yI<éllwilzz — (4= p)I<e,

and distsuppvr), Suppwy)) > 2¢ L. To rule out splitting, it is enough to show that

owy,

ot

Ouy
ot

OV,

ot

+&

~
L2 L2 L2

H (V) > A (wi) + A (ug) + (@),

wherea(e) is independent ok and goes to 0 as — 0, which causes? (v, ) to violate
subadditivity.
We directly evaluate# {v,, }:

1
%(vmk):/ |<uk+wk+hk>,|2dr—§/ K(s)f | Llug + wi + he)|* de ds.
R R R



J.T. Moeser / Nonlinear Analysis 60 (2005) 1163-1182 1175

where
Ihell?, <&

and we have suppressed the notati6(r).
Expanding the terms, this can be rewritten

H (omy) = A (ui) + A (wy)

+ 2 Re'/ (6,ﬁk6,wk + atﬁkathk + a[wkathk + |athk|2) d[
R

1
- Re/[R A; K(s) (2|${uk+wk}|2|${hk}|2+ St
+ 2L (ur + wid (L (ur + wi) (LAhi)) + (L {ug +wih? (Ll )?
12PN + wk}w{hk}F%dr) ds
+ /R K(s) /R @ L) P L )P+ 2L ) PL ) L ()
+ (L) (Lwh)? + 21 L (wid > L {ug) L (W) de ds.
We proceed as if25]. The terms
2 Re/ (a[ﬁka[U)k + atﬁkathk + a[wkathk + |athk|2) d[
R

can be estimated from below byC1¢ with Holder’s inequality.
The terms

1
_Re /R K(s) /R @12 i+ W)L + 51 L )

+ 21 Lk + wilP(Luk + wi) (L)) + (Ll + wi)? (L {h)?

+ 2L {ug + wi}| L} |2 Lhy) dr ds

are all estimated from below by Hélder’s inequality and the Sobolev inequality, yielding a
lower bound of the form-Caz(¢). The remaining terms

/R K(s) fR Q1L )1 L (i} + 21 L i} > L {ur ) £ ()

+ (L) (Lo ))? + 21 L{wi) > Ll ) L (W) dr ds
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are also estimated from below similarly, but require the application of the following lemma,
which is a straightforward consequence of the localization lemma:

Lemma. Letr. = 532 andA; = {|r — 1;|<tc}, j = 1,2.Then

/ | Llw R de<Ce,

Aj

/ | L{ug}? dr< Ce.
R\A ;

\Aj
After application of the lemma, we have
H (V) > A (wi) + A (uk) + o(e),

whereo(e) is independent of and goes to 0 as— 0. Thus splitting cause#” to violate
subadditivity, a contradiction.

5. Minimization

We now prove the first part of Theorem 1.1, demonstrating that the Hamiltonian (4)
possesses a minimizer i ;.

Proof of Theorem 1.1(existenci Now in the previous section, it was shown thato
< .4, <0, which will help rule out loss of compactness of minimizing sequenceduk gt
be a minimizing sequence fa¥’(v). Now from (6), we can deduce th§vy| ;1 must
be bounded, so by Alaoglu’s theorem, there exists a weakly convergent subsequence in
HY(R), vk, - We will prove strong convergence of,, to a minimizer inH1(R), and first
establish strong convergenceliR(R).

We use the fact that a minimizing sequencef6tv) cannot vanish or split in the sense
of Lions’ concentration-compactness lemma and conclude that the minimizing sequence
remains localized a& — oo, i.e. for anye > 0 there exists a® > 0 such that

+R
/ lwm (D)2 dt > 2 — &, (11)
—R
wherew,, (t) = vk, (t — tn).

Now w, — w* for somew* € H(R). For anyR > 0, the embedding/}(R) —
L2([—R, R]) is compact and we have

+R R
lim / |wm|2dt=f |w*|? dt.
m—oo | _p _R

Together with (11), this implies

f lw*|?dr > /. —¢ foranye>0
R
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and therefore

/ lw*)2dr = A.
R

This norm convergence, along with weak convergende?ifR), gives strong convergence
of w,, to w* in L2(R).

We now show thaiv* is a minimizer, and a posteriori thatw,, — d,w* in L2(R).
Sincew,, converges weakly ta* in H* and the Sobolev norrit x || ;1 is weakly lower
semi-continuous, we have that

lw*|l g2 < Iir5111_)iglof lwm | 2.
This, together withw,, — w* in L2(R), implies that

0 w* |l 2 < "nrp_)ig‘of 0rwim 2. (12)
Now we show that

/K(s)/ |$(s){wm}|4dtds—>/ K(s)/ |2 (s){w*}|* dr ds.
R R R R

For anyu,, andu* € H1(R), the Sobolev-type inequality, linearity ¢f, and the fact that
Zis an isometry orH1(R) gives,

3/2
/|£f(s){um}—$<s>{u*}|“dr<0(/ |um—u*|2dr) ,
R R

whereC depends orij 5(”"5:”*) L2 (-

Thus foru,, andu* € HY(R), Cis bounded and i, — u* in L2(R), thenZ{u,,} —
L{u*} in L4(R) with

12w s = i 1L )l s,

Thus

/K(s)/ |$(s){wm}|4dzds—/ K(s)/ | (s){w*}* dr ds
R R R R

=/ K (s) </ | L () wm}|* — |$(s){w*}|4dt> ds — O.
R R

Combining the above result with (12), we ha#é(w*) <lim inf,,_,  # (w,,). This can
only happen if# (w*) = limy, 00 # (W), .. w* € o7, is the minimizer of# over

o/ ;. Moreover,||0;w*|[;2 = lim,,_ « [|0;wi | 2, and again, this norm convergence, with
weak convergence, implies strong convergencé, of, to d,w* in L3(R), sow,, — w*

in HY(®). O
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6. Stability

Itis clear that the minimizer is not unique, as any translation- tp), 7o € R, or rotation
&%y, 0 e R, of the minimizer is also a solution of the constrained minimization problem. If
we consider the class of ground state solutigfis= {v, € .o7;, #'(vy) = I}, then using
the strong convergence of minimizing sequences and conservation laws for (1), one can
show that the minimizer is stable in the following orbital sense. The following is a standard
argumen{7].

Theorem 6.1. Let ¥, be the set of ground states; = {v, € .«7;, # (vy) = .¥,}. For
anye > 0, there exists & > 0 such that ifinf &, [|[v — v, || 1 <6, then the solutions dft)
corresponding to initial data andv,, denotedv(z) andv, (z), satisfysup inf ¢, [[v(z) —

Ve (@)l g1 <e.

Proof. We argue by contradiction. Lef,(0) be a sequence of initial conditions such that
inf g, luk(0) — vgll g2 — O, and assume thak (z) andv, (z) satisfy supinf o, |Jvi(z) —

Vg (2) |l g1 = ¢ for somee > 0. For definiteness, let, to be the first time that ing, v (z) —

Ve (2)|l g1 = &. By conservation of thé2 norm and of the Hamiltonian, we have

/Ivk(zn)lzdt=/ vk (0)[* d,
R R

H{vr(zn)} = A {ve (0)}.

By the assumption on, (0) and continuity ofs#’, we have

/ Ivk(zn)lzdt=/ e (0)[2dr — A,
R R

H {vi(zn)} = A {ve(0)} — A v},
i.e. v (z,) is nearly a minimizing sequence fef’. If we choose for example

)vl/ka (Zn)
(Jg ok (z)12dn)Y2’

wi(2,) =

thenwy(z,) is a sequence of functions i ; such that

lwi (zn) — vi(zn) | g2 — 0.

By continuity of 2, wy (z,) is a minimizing sequence fo#” and must have a subsequence
wm, (z,) Which converges to a member &f;. Now

v (zn) — Ug(z)”[{l< vk (zn) — wmk(zn)HHl + ”wmk(zn) - Ug(Z)”Hl
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and taking the infimum ove?’, gives

&= Igf vk (zn) — vg ()l g2
<k (zn) — Wiy, (Zn)”Hl + |<r/]f ”wmk (zn) — vg(Z)”Hl — 0,

a contradiction. Thus the class of ground states must be orbitally stdble.
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Appendix A. Ground states for zero average dispersion

An interesting problem from both analytical and physical viewpdi28s24]is the vari-
ational problem corresponding to zero average dispersion, namely
Minimize

]{’(v):—%/ K(s)/ |.Z(s){v}|* dr ds
R R

over the set of admissible functions

;= {v € LZ(R),/ |u|2=;.}.
R

This problem was first analyzed successfully for the special casétwf indicator function
on[0, 1] anda; =0, ag=0 and subsequently far =0[13,14] Due to Strichartz’ estimates
[11], the corresponding functionals in these special cases are bounded from below in
and it was shown that vanishing and splitting of the minimizing sequence is not possible
in both Fourier and physical space. Since the problems are essentially localized in Fourier
and in physical space, one can apply the classical Sobolev embedding theorems to show
that the minimizing sequence converges strongl4aR) to a ground state.

In the general problem above, one can again use Strichartz’ estimates to bound the
Hamiltonian from below. We first set = | £ (s){v}|8, b = | Z(s){v}|? and 0 = § in the
elementary inequality

a’v* < 0a + (1 - 0)b

which holds fora, b >0 andf € (0, 1), and integrate oveR to obtain

/ L)) dr < = / L) v}t + 2 / L) ()2 dr
R 3 /R 3 /R

_1 8y 1 2 2
_3/R|$(s){v}| dt+3/R lv|2dr.
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The appropriate Strichartz’ estimate for the operatois

4
/ |$(s){v}|8dzds<c</ |v|2dt) =C) <00
R? R

[11], so thatF (s) = fR | (s){v}|8 dr < oo for almost evens. Overalll,

—}/ K(s)/ | L (s){v}|* dr ds
2 Jr R

1 1 8 2 2
>—§/RK(S) (:—)’/[AR | (s){v}] dH_é/R vl dt)

=—}f K(s)/ |§,”(s){v}|8dtds—1'/ K(s)f [v|? dr ds
6 Jr R 3 Jr R

1 A
Z_EAQK(S)F(S)dS_éA@K(S)ds

2 — C]_”F”LOO(R) — C2;~,> — OQ.

In principle, it should be possible to adapt the analysigl#] to this problem to obtain a
ground state. Also, the use of Strichartz’ estimates above suggests that it may be possible
to extend Theorem 1.1 for the cakee L”(R) for some range gb with p > 1.

Appendix B. Numerical algorithm for calculation of the ground state

The ground state for the constrained minimization problem is a weak solution of the
Euler-Lagrange equation

—v + vy + A {v} =0 (B.1)
or
—wd — k%D + N (v} =0 (B.2)

in Fourier domain. The computation of solutions to this eigenvalue problem is of great
interest and practical importance in the model’s application to optical communications. The
form of the nonlinearity makes it amenable to local computation, and does not require the
evaluation of multiple integrals in Fourier domain. This technique was utiliz¢tigi7]

to analyze the tails of the ground state in various parameter regimes, and was later adapted
to compute ground states in the case of pinned random disp¢®$idiere we present the
algorithm for our general problem (B.2). It is based on the following series of iterations.

A A {vn)
v = —,
n+1 o +k2

i On1 ()N (g1} dk — [ k2[00 (k)2 dk
i 10ns1(k) |2 dk ’

(B.3)

(B.4)

Wp+1 =
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In practice, the algorithm is

1. Choose an initial profil@g, typically Gaussian.

2. Computang using (B.4) withvg.

3. Computer; using (B.3)

4. Rescald so that||ﬁ1||i2(R) = ||60||i2(R). Call this ;.

5. Computen; using (B.4) withd].

6. Repeat steps 3, 4, and 5 until the desired accuracy is reached.
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