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Abstract

The problem of the existence of stable solitary wave solutions for nonlinear Schrödinger-type
equations with a generalized cubic nonlinearity is considered. These types of equations have recently
arisen in the context of optical communications as averaging approximations to nonlinear dispersive
equations with widely separated time scales. In this paper, it is shown that under general conditions
on the kernel of the nonlocal term, stable standing wave solutions exist for these equations.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Nonlinear Schrödinger-type equations with nonlocal nonlinearity have arisen as asymp-
totic models governing a variety of physical phenomena, ranging from the flow of a
superfluid around an impurity, the propagation of electromagnetic waves in plasmas,
Bose–Einstein condensation, and the slow evolution of internal waves in fluids of great
depth[3–5,18,19,22]. In recent years, such equations have come up in the context of op-
tical communications as averaging approximations to the nonlinear dispersive equations
which describe pulse propagation in various types of optical fibers. In modern optical
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communication systems, the variations of an optical pulse’s envelope dynamics are gov-
erned by equations of the form

iu� + Lu+ �|u|2u= 0,

where

Lu= d2(�)utt + id3(�)uttt ,

dj (�) are piecewise constant functions, and� is the ratio of the characteristic length scale of
local dispersion to that of nonlinearity, a small positive parameter. Specific examples of these
equations include the conventional dispersion managed nonlinear Schrödinger (DMNLS)
equation, whered2(�) is periodic andd3(�) = 0, the higher order dispersion managed
nonlinear Schrödinger (HODMNLS) equation, where bothd2(�) andd3(�) are periodic,
and the “random” dispersion managed nonlinear Schrödinger equation (RDMNLS), where
d2(�) has a stochastic component andd3(�)= 0 [1,2,8,10,20]. Solutions of these equations
evolve on two widely separated time scales, which suggests the use of asymptotic methods.
To arrive at an averaged equation for (1) which describes the solution’s slow dynamics,
one first decomposes the dispersion coefficients into varying and average components,
dj (�) = �j d̃(�) + �〈dj 〉, whered̃(�) alternates between±1 and for physical reasons, the
effective average dispersion�〈dj 〉 is assumed to be small and positive. Next, one performs
the change of variableu=T{v}, whereT is the solution operator for the linear dispersive
equation

iu� + �2d̃(�)utt + i�3d̃(�)uttt = 0

and, finally, one averages over the fast variations in the transformed equation. For each of
the above-mentioned cases, the averaged equation is of the general form

ivz + vtt + N{v} = 0, (1)

where

N̂{v} =
∫

R4
exp(−i(k − k1 + k2 − k3)t)K̂(�)v̂1

¯̂v2v̂3 dk1 dk2 dk3 dt. (2)

Here∧ denotes the Fourier transform,v̂j = v̂(kj ),�=∑3
j=1 �j�j ,�j =kj −k

j
1 +k

j
2 −k

j
3,

and�j ∈ R. The kernel functionK̂ is obtained by averaging exp(i
∑3

j=1 D̃(�)�j�j ) over

�, whereD̃(�)= ∫ �
0 d̃(�′)d�′

K̂(�)= lim
�→∞

∫ �
0 exp(i

∑3
j=1 D̃(�′)�j�j )d�′

�
.

In typical physical situations,̂K(�) is real-valued and symmetric about� = 0.
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A problem of both theoretical and physical interest is the existence and stability of soli-
tary wave solutions for (1) of the formv(z, t)= exp(i�z)w(t), where lim|t |→∞ w(t)=0.
In the context of optical communications, these solutions have potential for use as
bit-carriers in a high speed data stream. For both the averaged DMNLS equation and
averaged HODMNLS equation, the existence of stable solitary wave solutions has been
established[12,21,25], with such solutions arising as constrained minima (ground states)
for a corresponding Hamiltonian. In more general cases, such as the averaged RDMNLS
equations, it is at first unclear that a variational technique can be used to find such so-
lutions. One potential technical difficulty, which arises from the fact that averaging is
typically performed in the Fourier domain, is that the nonlinearity may not be easily dis-
cernible in physical variables. In this paper, it is shown that under relatively mild con-
ditions on the kernel function that are typically met in applications, namely thatK is
real-valued, positive, and lies inL1(R), the Fourier inversion of the nonlocal nonlin-
earity can be described in an explicit manner, leading to an explicit description of the
Hamiltonian. Moreover, using the structure of this Hamiltonian, we prove the following
theorem.

Theorem 1.1. Let K be real-valued, positive, and an element ofL1(R). Then there exists
a solution to the following constrained minimization problem:
Minimize

H(v)=
∫

R
|vt |2 dt − 1

2

∫
R
K(s)

∫
R

|L(s){v}|4 dt ds

over the set of admissible functions

A� =
{
v ∈ H 1(R),

∫
R

|v|2 = �
}
.

This solution corresponds to a stable standing wave solution for(1).

Finally, we note that a fast numerical algorithm, first presented in[9], can be used to
calculate solutions to this resulting eigenvalue problem. This work generalizes the analytical
results of[12,21,25]while complementing the numerical results in[2,9].

2. Fourier inversion of the nonlinearity

The first step in our analysis is to invert the Fourier transform of the nonlinear operator.
First we make the substitution

K̂(�)=
∫

R
exp(−i�s)K(s)ds
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in (2) to obtain

N̂{v} =
∫

R4
exp(−i(k − k1 + k2 − k3)t)

×
(∫

R
exp(−i�s)K(s)ds

)
v̂1

¯̂v2v̂3 dk1 dk2 dk3 dt

=
∫

R4
exp(−i(k − k1 + k2 − k3)t)

×

∫

R
exp


−i


 3∑
j=1

�j�j


 s


K(s)ds


 v̂1

¯̂v2v̂3 dk1 dk2 dk3 dt

=
∫

R
exp(−ikt)

∫
R
K(s) exp(−i(�1k + �2k

2 + �3k
3)s)

×
(∫

R
exp(ik1t)exp(i(�1k1 + �2k

2
1 + �3k

3
1)s)v̂1 dk1

×
∫

R
exp(−ik2t) exp(−i(�1k2 + �2k

2
2 + �3k

3
2)s)

¯̂v2 dk2

×
∫

R
exp(ik3t) exp(i(�1k3 + �2k

2
3 + �3k

3
3)s)v̂3 dk3

)
ds dt.

We can simplify the above operator by recognizing that exp(i(�1kj + �2k
2
j + �3k

3
j )s)v̂j is

the Fourier transform of the solution to the linear equation

ivs + i�1vt − �2vtt − i�3vttt = 0. (3)

If we denote the solution operator to this equation asL, N̂ simplifies to

N̂{v} =
∫

R
exp(−ikt)

(∫
R
K(s) exp(−i(�1k + �2k

2 + �3k
3)s)

× |L(s){v}|2L(s){v} ds

)
dt

=
∫

R
K(s)

(∫
R

exp(−ikt) exp(−i(�1k + �2k
2 + �3k

3)s)

× |L(s){v}|2L(s){v} dt

)
ds

=
∫

R
K(s)

(
L(−s){|L(s){v}|2L(s){v}}

)∧)
ds
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and it is now clear that

N{v} =
∫

R
K(s)L(−s){|L(s){v}|2L(s){v}} ds.

We note here thatL is an isometry onHs(R) for all s ∈ R, as this property will become
important in later estimates.

3. Hamiltonian structure

We claim that the functional

H{v} =
∫

R
|vt |2 dt − 1

2

∫
R

∫
R
K(s)|L(s){v}|4 dt ds (4)

isC1 onH 1(R), and moreover, that it is a Hamiltonian for Eq. (1), as

vz = J∇H,

whereJ is the skew-symmetric operator−i. First, we note thatH is well defined onH 1(R).
We apply the Sobolev-type inequality[6]

‖u‖4
L4(R)

�C‖ut‖L2(R)‖u‖3
L2(R)

(5)

and the facts thatK(s) ∈ L1 andL is an isometry onH 1 to show that

|H{v}|�
∫

R
|vt |2 dt + 1

2

∫
R

∫
R

|K(s)||L(s){v}|4 dt ds

=
∫

R
|vt |2 dt + 1

2

∫
R

|K(s)|
(∫

R
|L(s){v}|4 dt

)
ds

�
∫

R
|vt |2 dt + 1

2

∫
R

|K(s)|(C‖v(t)‖3
L2(R)

‖vt (t)‖L2(R))ds

=
∫

R
|vt |2 dt +

(
C

2
‖v(t)‖3

L2(R)
‖vt (t)‖L2(R)

) ∫
R

|K(s)| ds�C.
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We now calculate∇H directly. Letv, u ∈ H 1(R) and consider

〈∇H(v), u〉

= lim
�→0

H(v + �u)− H(v)

�

= lim
�→0

∫
R

|(v+�u)t |2dt− 1
2

∫
R

∫
R
K(s)|L(s){(v+�u)}|4dtds−∫

R
|vt |2dt+ 1

2

∫
R

∫
R
K(s)|L(s){v}|4dtds

�

=
∫

R

vt ūt dt − 1

2

∫
R

K(s)

(∫
R

|L(s){v}|2L(s){v}L(s){u} dt

)
ds + c.c.

= −
∫

R

vtt ūdt − 1

2

∫
R

K(s)

(∫
R

L(−s){|L(s){v}|2L(s){v}}ūdt

)
ds + c.c.

= −
∫

R

vtt ūdt − 1

2

∫
R

(∫
R

K(s)L(−s){|L(s){v}|2L(s){v}} ds

)
ūdt + c.c.

= −
∫

R

(
vtt + 1

2

∫
R

K(s)L(−s){|L(s){v}|2L(s){v}} ds

)
ūdt + c.c.

which gives the weak form of the Euler–Lagrange equation (1). Now

|〈∇H(v), u〉|�
∫

R
|vtut | dt+ 1

2

∫
R

∫
R

|K(s)||L(s){v}|2|L(s){v}||L{u}| dt ds

=
∫

R
|vtut | dt + 1

2

∫
R

|K(s)|
(∫

R
|L(s){v}|3|L{u}| dt

)
ds

�‖v‖H1‖u‖H1 + 1

2

∫
R

|K(s)|‖L(s){u}‖L∞‖L(s){v}‖L∞

×
∫

R
(|L(s){v}|2 dt)ds

�‖v‖H1‖u‖H1 + 1

2

∫
R

|K(s)|‖L(s){u}‖H1‖L(s){v}‖H1

×
(∫

R
|L(s){v}|2 dt

)
ds

= ‖v‖H1‖u‖H1 + 1

2
‖u‖H1‖v‖H1

∫
R

|K(s)|
∫

R
|v|2 dt ds

�C‖v‖H1‖u‖H1.

This shows that∇H is bounded onH 1.
Using similar estimates, it can be shown that

|H(v + u)− H(v)− 〈∇H(v), u〉| = o(‖u‖H1)
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as‖u‖H1 → 0, so thatH is differentiable, and also that foru, v,w ∈ H 1

|〈(∇H(v)− ∇H(u)), w〉|�C‖v − u‖H1‖w‖H1,

so that

‖(∇H(v)− ∇H(u))‖H−1 = sup
w �=0

|〈(∇H(v)− ∇H(u)), w〉|
‖w‖H1

→ 0

as‖v − u‖H1 → 0, i.e.H isC1 onH 1.

4. Properties ofH

Here we present properties ofH(v) that are essential to the minimization argument.

1. H(v) is bounded from below inA�

Proof. An application of the Sobolev-type inequality gives

H(v)�‖vt‖2
L2 −M�3/2‖vt‖L2 = (‖vt‖L2 − c1)

2 − c2>− ∞ (6)

for all v ∈ H 1(R), soI� = infA� H exists withI� >− ∞. �

2. I� = inf v∈A� H(v)<0

Proof. Let v ∈ A� and consider the rescaled functionv�(t)= �1/2v(�t) ∈ A�. Evaluating
H atv� gives

H(v�)=
∫

R

∣∣∣∣�v�

�t

∣∣∣∣
2

dt − 1

2

∫
R
K(s)

∫
R

|L(s){v�}|4 dt ds

= �2
∫

R

∣∣∣∣ �v�t ′
∣∣∣∣
2

dt ′ − 1

2

∫
R
K(s)

∫
R

|L(s){v�}|4 dt ds,

wheret ′ = �t . Using a scaling property of the Fourier transform, we have

L(s){v�} =
∫

R
exp(ikt)exp(i(�1k + �2k

2 + �3k
3)s)

(
�−1/2v̂

(
k

�

))
dk

= �1/2
∫

R
exp(ik′(�t))exp(i(�1(�k′)+ �2(�k′)2 + �3(�k′)3)s)v̂(k′)dk′

= �1/2u�(s, t
′),
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wherek′ = k
� andu�(s, t

′) solves the linear equation

i
�u�

�s
+ i�1�

�u�

�t ′
− �2�2 �2

u�

�t ′2
− i�3�3 �3

u�

�t ′3
= 0

with initial datav(t ′). We may write

u�(s, t
′)= L̃�(s){v},

whereL̃� is an isometry onHs(R) and thus

H(v�)= �2
∫

R

∣∣∣∣ �v�t ′
∣∣∣∣
2

dt ′ − �2

2

∫
R
K(s)

∫
R

|L̃�(s){v}|4 dt ds

= �2
∫

R

∣∣∣∣ �v�t ′
∣∣∣∣
2

dt ′ − �
2

∫
R
K(s)

∫
R

|L̃�(s){v}|4 dt ′ ds.

Now the integral ofK(s)
∫

R |L̃�(s){v}|4 dt ′ over any finite interval ins approaches a

constant as� → 0, since for anys finite, L̃�(s){v} → v(t ′) in H 1 as� → 0, which,
by (5), implies convergence inL4. Also,

∫
R K(s)

∫
R |L̃�(s){v}|4 dt ′ ds is finite for any�,

which follows from previous estimates. Thus for every�>0, there exists someN(�)>0
independent of� such that

∫
R\[−N(�),N(�)]

K(s)

∫
R

|L̃�(s){v}|4 dt ′ ds < �.

If we write

H(v�)= �2
∫

R

∣∣∣∣ �v�t ′
∣∣∣∣
2

dt ′ − �
2

(∫
[−N(�),N(�)]

K(s)

∫
R

|L̃�(s){v}|4 dt ′

+
∫

R\[−N(�),N(�)]
K(s)

∫
R

|L̃�(s){v}|4 dt ′ ds

)

and take� → 0 at a rate say∼ 1
N(�)2

as� → 0, then to leading order we get

H(v�)= C1�2 − C2�

which is negative for� small enough. �

3. H is subadditive:
If I� = inf v∈A� H(v) thenI�1+�2 <I�1 + I�2

Claim. For �>1,I�� < �I�
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Proof of claim. Now

I�� = inf
v∈A��

H(v)

= inf
w∈A�

H(
√

�w)

since

‖w‖2
L2 = � ⇒ ‖√�w‖2

L2 = ��.

The claim follows from

I���H(
√

�w)=
∫

R
|(√�w)t |2 dt − 1

2

∫
R
K(s)

∫
R

|L{√�w}|4 dt ds

= �
∫

R
|wt |2 dt − �2

2

∫
R
K(s)

∫
R

|L{w}|4 dt ds

< �
(∫

R
|wt |2 dt − 1

2

∫
R
K(s)

∫
R

|L{w}|4 dt ds

)

for �>1 andw ∈ A�. �

Proof of subadditivity. If we set�1 = ��2 with �<1, we have

I�1+�2 = I��2+�2 <(� + 1)I�2 = �I(�−1�1)
+ I�2 <I�1 + I�2. �

4. A minimizing sequence forH(v) cannot vanish or split in the sense of Lions’ concen-
tration compactness lemma[15].

Proof. Let vk be a minimizing sequence forH(v) and first assume that a subsequencevmk

vanishes in the sense of the concentration-compactness lemma, i.e.
For anyR>0

lim
k→∞ sup

y∈R

∫ y+R

y−R

|vmk
|2 dt → 0.

Sincevk is a minimizing sequence, for somek0�1 we have that
∫

R
|(vk)t |2 dt − 1

2

∫
R
K(s)

∫
R

|L{vk}|4 dt ds <0,

for k�k0, and so fork large enough
∫

R

(
K(s)

∫
R

|L{vk}|4 dt

)
ds >0.
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Thus on some set of positive measure

K(s)

∫
R

|L(s){vk}|4 dt >0

so for some finites∗, we have

K(s∗)
∫

R
|L(s∗){vk}|4 dt >0.

SinceK(s) is positive, this gives
∫

R
|L(s∗){vk}|4 dt >0. (7)

Now a lemma of Cazenave[7] gives that

∫
R

|u|4 dt�C‖u‖2
H1 sup

y∈R

∫ y+1

y−1
|u|2 dt

for anyu ∈ H 1(R). SinceL(s∗){vk} ∈ H 1(R), this lemma, in combination with (7), gives

0<
∫

R
|L(s∗){vk}|4 dt�C‖L(s∗){vk}‖2

H1 sup
y∈R

∫ y+1

y−1
|L(s∗){vk}|2 dt

=C‖vk‖2
H1 sup

y∈R

∫ y+1

y−1
|L(s∗){vk}|2 dt

so

sup
y∈R

∫ y+1

y−1
|L(s∗){vk}|2 dt >0. (8)

NowL is the solution operator for the linear equation (3), so we may apply the following
localization lemma to show that the initial data cannot vanish.

Lemma 4.1. Consider the linear equation

ius + i�1ut − �2utt − i�3uttt = 0 (9)

with u ∈ H 1(R), ‖u‖L2(R) = 1, and�j ∈ R. Letun(s, t) be a sequence of solutions of(9)
and define

�n(s)= sup
y∈R

∫ y+1

y−1
|un(s, t)|2 dt.

If un(0, t) is vanishing initial data(limn→∞ �n(0)= 0) with the constraint‖un‖L2(R) = 1,
then the sequence of the solutionsun(s, t) is also vanishing(limn→∞ �n(s)= 0).
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Proof. Let 	m(t) be a smooth approximation to the characteristic function on the interval
[−m,m], with the property that|�t	m|< C

m
, 	m(t) = 1 if |t |�1, and	(t) = 0 if |t |�m.

Multiplying (9) by ū	m(t), its conjugate byu	m(t), subtracting and integrating overt yields

d

ds

∫
R

	m|u|2 dt = − 2�1 Re
∫

R
ut ū	m dt + 2�2 Im

∫
R

	mūutt dt

+ 2�3 Re
∫

R
	mūuttt dt.

Now

Re
∫

R
ut ū	m dt = −1

2

∫
R

	′
m|u|2 dt,

Im
∫

R
	mūutt dt = −Im

∫
R
(	mūt + 	′

mū)ut dt = −Im
∫

R
	′
mūut dt

and

Re
∫

R
	mūuttt dt = − Re

∫
R
(	mūt + 	′

mū)utt dt

= − Re
∫

R
	mūtutt dt − Re

∫
R

	′
mūutt dt

= 1

2

∫
R

d|ut |2
dt

	m + Re
∫

R
(	′′

mū+ 	′
mūt )ut dt

= 3

2

∫
R

|ut |2	′
m dt + Re

∫
R

	′′
mūut dt.

Overall,

d

ds

∫
R

	m|u|2 dt = �1

∫
R

	′
m|u|2 dt − 2�2 Im

∫
R

	′
mūut dt

+ 2�3

(
3

2

∫
R

|ut |2	′
m dt + Re

∫
R

	′′
mūut dt

)

and integrating from 0 tosgives∫
R

	m|u(s, t)|2 dt =
∫

R
	m|u(0, t)|2 dt

+
∫ s

0

(
�1

∫
R

	′
m|u|2 dt − 2�2 Im

∫
R

	′
mūut dt

+ 2�3

(
3

2

∫
R

|ut |2	′
m dt + Re

∫
R

	′′
mūut dt

))
dz′

�
∫

R
	m|u(0, t)|2 dt + Cm(‖u‖H1, ‖	′

m‖L∞ , ‖	′′
m‖L∞ , �j ), (10)

whereCm → 0 asm → ∞.
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Let un(s, t) denote a sequence of solutions of (9) with vanishing initial data, i.e.

�n(0)= sup
y∈R

∫ y+1

y−1
|un(0, t)|2 dt → 0.

If �n(z)��n(0) then we are done, so let�n(z)> �n(0). Choosing	mn
(∗ − tn) such that it is

centered with respect toun(s, t), we have
∫

R
	mn

|un(s, t)|2 dt��n(s)

and also∫
R

	mn
|un(0, t)|2 dt�2mn�n(0)

and taking the limitmn → ∞ with mn ∼
√

1
�n(0)

in (10) gives the result. �

Combining this lemma with (8), we have

sup
y∈R

∫ y+R

y−R

|vk|2 dt� sup
y∈R

∫ y+1

y−1
|vk|2 dt� sup

y∈R

∫ y+1

y−1
|L(s∗){vk}|2 dt >0

contradicting the assumption that a subsequencevmk
vanishes.

Now assume thatvmk
splits: There exists 0< �< � such that for any�>0 there existsk0

and two sequencesuk, wk with compact support so that fork�k0

‖uk‖H1 + ‖wk‖H1 �4 sup
k∈N

‖vmk
‖H1,

‖vmk
− (uk + wk)‖L2 �2�,

|‖uk‖L2 − �|��|‖wk‖L2 − (� − �)|��,

∣∣∣∣
∣∣∣∣�uk�t

∣∣∣∣
∣∣∣∣
L2

+
∣∣∣∣
∣∣∣∣�wk

�t

∣∣∣∣
∣∣∣∣
L2

�
∣∣∣∣
∣∣∣∣�vmk

�t

∣∣∣∣
∣∣∣∣
L2

+ �

and dist(supp(vk), supp(wk))>2�−1. To rule out splitting, it is enough to show that

H(vmk
)>H(wk)+ H(uk)+ �(�),

where�(�) is independent ofk and goes to 0 as� → 0, which causesH(vmk
) to violate

subadditivity.
We directly evaluateH{vmk

}:

H(vmk
)=

∫
R

|(uk + wk + hk)t |2 dt − 1

2

∫
R
K(s)

∫
R

|L{uk + wk + hk}|4 dt ds,
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where

‖hk‖2
L2 < �

and we have suppressed the notationL(s).
Expanding the terms, this can be rewritten

H(vmk
)= H(uk)+ H(wk)

+ 2 Re
∫

R
(�t uk�twk + �t uk�t hk + �twk�t hk + |�t hk|2)dt

− Re
∫

R

∫
R
K(s)

(
2|L{uk + wk}|2|L{hk}|2 + 1

2
|L{hk}|4

+ 2|L{uk+wk}|2(L{uk+wk})(L{hk})+(L{uk+wk})2(L{hk})2

+ 2L{uk + wk}|L{hk}|2Lhk dt
)

ds

+
∫

R
K(s)

∫
R
(2|L{uk}|2|L{wk}|2 + 2|L{uk}|2L{uk}L{wk}

+ (L{uk})2(L{wk})2 + 2|L{wk}|2L{uk}L{wk})dt ds.

We proceed as in[25]. The terms

2 Re
∫

R
(�t uk�twk + �t uk�t hk + �twk�t hk + |�t hk|2)dt

can be estimated from below by−C1� with Hölder’s inequality.
The terms

− Re
∫

R
K(s)

∫
R
(2|L{uk + wk}|2|L{hk}|2 + 1

2
|L{hk}|4

+ 2|L{uk + wk}|2(L{uk + wk})(L{hk})+ (L{uk + wk})2(L{hk})2

+ 2L{uk + wk}|L{hk}|2Lhk)dt ds

are all estimated from below by Hölder’s inequality and the Sobolev inequality, yielding a
lower bound of the form−C2(�). The remaining terms

∫
R
K(s)

∫
R
(2|L{uk}|2|L{wk}|2 + 2|L{uk}|2L{uk}L{wk}

+ (L{uk})2(L{wk})2 + 2|L{wk}|2L{uk}L{wk})dt ds
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are also estimated from below similarly, but require the application of the following lemma,
which is a straightforward consequence of the localization lemma:

Lemma. Let tc = t1+t2
2 andAj = {|t − tj |� tc}, j = 1,2.Then

∫
Aj

|L{wk}|2 d
�C�,

∫
R\Aj

|L{uk}|2 d
�C�.

After application of the lemma, we have

H(vmk
)>H(wk)+ H(uk)+ �(�),

where�(�) is independent ofk and goes to 0 as� → 0. Thus splitting causesH to violate
subadditivity, a contradiction.

5. Minimization

We now prove the first part of Theorem 1.1, demonstrating that the Hamiltonian (4)
possesses a minimizer inA�.

Proof of Theorem 1.1(existence). Now in the previous section, it was shown that−∞
<I� <0, which will help rule out loss of compactness of minimizing sequences. Let{vk}
be a minimizing sequence forH(v). Now from (6), we can deduce that‖vk‖H1 must
be bounded, so by Alaoglu’s theorem, there exists a weakly convergent subsequence in
H 1(R), vkm . We will prove strong convergence ofvkm to a minimizer inH 1(R), and first
establish strong convergence inL2(R).

We use the fact that a minimizing sequence forH(v) cannot vanish or split in the sense
of Lions’ concentration-compactness lemma and conclude that the minimizing sequence
remains localized asm → ∞, i.e. for any�>0 there exists anR>0 such that

∫ +R

−R

|wm(t)|2 dt > � − �, (11)

wherewm(t)= vkm(t − tm).
Now wm ⇀ w∗ for somew∗ ∈ H 1(R). For anyR>0, the embeddingH 1(R) ↪→

L2([−R,R]) is compact and we have

lim
m→∞

∫ +R

−R

|wm|2 dt =
∫ R

−R

|w∗|2 dt.

Together with (11), this implies∫
R

|w∗|2 dt > � − � for any �>0
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and therefore∫
R

|w∗|2 dt = �.

This norm convergence, along with weak convergence inL2(R), gives strong convergence
of wm tow∗ in L2(R).

We now show thatw∗ is a minimizer, and a posteriori that�twm → �tw∗ in L2(R).
Sincewm converges weakly tow∗ in H 1 and the Sobolev norm‖ ∗ ‖H1 is weakly lower
semi-continuous, we have that

‖w∗‖H1 � lim inf
m→∞ ‖wm‖H1.

This, together withwm → w∗ in L2(R), implies that

‖�tw∗‖L2 � lim inf
m→∞ ‖�twm‖L2. (12)

Now we show that∫
R
K(s)

∫
R

|L(s){wm}|4 dt ds →
∫

R
K(s)

∫
R

|L(s){w∗}|4 dt ds.

For anyum andu∗ ∈ H 1(R), the Sobolev-type inequality, linearity ofL, and the fact that
L is an isometry onH 1(R) gives,

∫
R

|L(s){um} − L(s){u∗}|4 dt�C

(∫
R

|um − u∗|2 dt

)3/2

,

whereC depends on‖�(um−u∗)
�t ‖L2(R).

Thus forum andu∗ ∈ H 1(R), C is bounded and ifum → u∗ in L2(R), thenL{um} →
L{u∗} in L4(R) with

‖L(s){w∗}‖L4 = lim
m→∞ ‖L(s){wm}‖L4.

Thus ∫
R
K(s)

∫
R

|L(s){wm}|4 dt ds −
∫

R
K(s)

∫
R

|L(s){w∗}|4 dt ds

=
∫

R
K(s)

(∫
R

|L(s){wm}|4 − |L(s){w∗}|4 dt

)
ds → 0.

Combining the above result with (12), we haveH(w∗)� lim inf m→∞ H(wm). This can
only happen ifH(w∗) = limm→∞ H(wm), i.e.w∗ ∈ A� is the minimizer ofH over
A�. Moreover,‖�tw∗‖L2 = limm→∞ ‖�twm‖L2, and again, this norm convergence, with
weak convergence, implies strong convergence of�twm to �tw∗ in L2(R), sowm → w∗
in H 1(R). �
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6. Stability

It is clear that the minimizer is not unique, as any translationv(·+
0), 
0 ∈ R, or rotation
ei�v, � ∈ R, of the minimizer is also a solution of the constrained minimization problem. If
we consider the class of ground state solutionsS� = {vg ∈ A�,H(vg) = I�}, then using
the strong convergence of minimizing sequences and conservation laws for (1), one can
show that the minimizer is stable in the following orbital sense. The following is a standard
argument[7].

Theorem 6.1. LetS� be the set of ground statesS� = {vg ∈ A�,H(vg) = I�}. For
any�>0, there exists a�>0 such that ifinfS� ‖v − vg‖H1 ��, then the solutions of(1)
corresponding to initial datav andvg, denotedv(z) andvg(z), satisfysupz infS� ‖v(z)−
vg(z)‖H1 ��.

Proof. We argue by contradiction. Letvk(0) be a sequence of initial conditions such that
infS� ‖vk(0) − vg‖H1 → 0, and assume thatvk(z) andvg(z) satisfy supz infS� ‖vk(z) −
vg(z)‖H1 �� for some�>0. For definiteness, letzn to be the first time that infS�‖vk(z)−
vg(z)‖H1 = �. By conservation of theL2 norm and of the Hamiltonian, we have

∫
R

|vk(zn)|2 dt =
∫

R
|vk(0)|2 dt,

H{vk(zn)} = H{vk(0)}.

By the assumption onvk(0) and continuity ofH, we have

∫
R

|vk(zn)|2 dt =
∫

R
|vk(0)|2 dt → �,

H{vk(zn)} = H{vk(0)} → H{vg},

i.e.vk(zn) is nearly a minimizing sequence forH. If we choose for example

wk(zn)= �1/2vk(zn)

(
∫

R |vk(zn)|2 dt)1/2
,

thenwk(zn) is a sequence of functions inA� such that

‖wk(zn)− vk(zn)‖H1 → 0.

By continuity ofH, wk(zn) is a minimizing sequence forH and must have a subsequence
wmk

(zn) which converges to a member ofS�. Now

‖vk(zn)− vg(z)‖H1 �‖vk(zn)− wmk
(zn)‖H1 + ‖wmk

(zn)− vg(z)‖H1
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and taking the infimum overS� gives

� = inf
S�

‖vk(zn)− vg(z)‖H1

�‖vk(zn)− wmk
(zn)‖H1 + inf

S�

‖wmk
(zn)− vg(z)‖H1 → 0,

a contradiction. Thus the class of ground states must be orbitally stable.�
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Appendix A. Ground states for zero average dispersion

An interesting problem from both analytical and physical viewpoints[23,24] is the vari-
ational problem corresponding to zero average dispersion, namely
Minimize

H(v)= −1

2

∫
R
K(s)

∫
R

|L(s){v}|4 dt ds

over the set of admissible functions

A� =
{
v ∈ L2(R),

∫
R

|v|2 = �
}
.

This problem was first analyzed successfully for the special case ofK the indicator function
on[0,1] and�1=0, �3=0 and subsequently for�1=0 [13,14]. Due to Strichartz’estimates
[11], the corresponding functionals in these special cases are bounded from below inA�,
and it was shown that vanishing and splitting of the minimizing sequence is not possible
in both Fourier and physical space. Since the problems are essentially localized in Fourier
and in physical space, one can apply the classical Sobolev embedding theorems to show
that the minimizing sequence converges strongly inL2(R) to a ground state.

In the general problem above, one can again use Strichartz’ estimates to bound the
Hamiltonian from below. We first seta = |L(s){v}|8, b = |L(s){v}|2 and� = 1

3 in the
elementary inequality

a�b1−���a + (1 − �)b

which holds fora, b�0 and� ∈ (0,1), and integrate overR to obtain∫
R

|L(s){v}|4 dt� 1

3

∫
R

|L(s){v}|8 dt + 2

3

∫
R

|L(s){v}|2 dt

= 1

3

∫
R

|L(s){v}|8 dt + 2

3

∫
R

|v|2 dt.
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The appropriate Strichartz’ estimate for the operatorL is
∫

R2
|L(s){v}|8 dt ds�C

(∫
R

|v|2 dt

)4

= C�4<∞

[11], so thatF(s)= ∫
R |L(s){v}|8 dt <∞ for almost everys. Overall,

− 1

2

∫
R
K(s)

∫
R

|L(s){v}|4 dt ds

� − 1

2

∫
R
K(s)

(
1

3

∫
R

|L(s){v}|8 dt + 2

3

∫
R

|v|2 dt

)

= −1

6

∫
R
K(s)

∫
R

|L(s){v}|8 dt ds − 1

3

∫
R
K(s)

∫
R

|v|2 dt ds

= −1

6

∫
R
K(s)F (s)ds − �

3

∫
R
K(s)ds

� − c1‖F‖L∞(R) − c2�>− ∞.

In principle, it should be possible to adapt the analysis in[14] to this problem to obtain a
ground state. Also, the use of Strichartz’ estimates above suggests that it may be possible
to extend Theorem 1.1 for the caseK ∈ Lp(R) for some range ofpwith p>1.

Appendix B. Numerical algorithm for calculation of the ground state

The ground state for the constrained minimization problem is a weak solution of the
Euler–Lagrange equation

−�v + vtt + N{v} = 0 (B.1)

or

−�v̂ − k2v̂ + N̂{v} = 0 (B.2)

in Fourier domain. The computation of solutions to this eigenvalue problem is of great
interest and practical importance in the model’s application to optical communications. The
form of the nonlinearity makes it amenable to local computation, and does not require the
evaluation of multiple integrals in Fourier domain. This technique was utilized in[16,17]
to analyze the tails of the ground state in various parameter regimes, and was later adapted
to compute ground states in the case of pinned random dispersion[9]. Here we present the
algorithm for our general problem (B.2). It is based on the following series of iterations.

v̂n+1 = N̂{vn}
�n + k2 , (B.3)

�n+1 =
∫

R
¯̂vn+1(k)N̂{vn+1} dk − ∫

R k2|v̂n+1(k)|2 dk∫
R |v̂n+1(k)|2 dk

. (B.4)
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In practice, the algorithm is

1. Choose an initial profilêv0, typically Gaussian.
2. Compute�0 using (B.4) withv̂0.
3. Computêv1 using (B.3)
4. Rescalêv1 so that‖v̂1‖2

L2(R)
= ‖v̂0‖2

L2(R)
. Call this v̂′

1.

5. Compute�1 using (B.4) withv̂′
1.

6. Repeat steps 3, 4, and 5 until the desired accuracy is reached.
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