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Abstract

The problem of existence of ground states in higher-order dispersion managed NLS equation
is considered. The ground states are stationary solutions to dispersive equations with nonlo-
cal nonlinearity which arise as averaging approximations in the context of strong dispersion
management in optical communications. The main result of this note states that the averaged
equation possesses ground state solutions in the practically and conceptually important case of
the vanishing residual dispersions.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

Over the past 10 years, certain nonlinear dispersive equations with nonlocal non-
linearity have arisen in the context of optical communications and have become the
subject of intense numerical and analytical styyl,11,21,8,9,12]In general, these
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equations are of the form
up = —iVHu), @)

where

1
'H(M)Zg/ qu|2*}/ / |T (t)u|*dx dt, (2)
2 Jr 4Jo Jr

V denotes the Frechét derivative of the Hamiltonin and T denotes the solution
operator for the linear dispersive equation

M
iug ="y Bu)(=id)"u, €)

m=2

where the coefficient$,, () are piecewise constant and periodic with zero mean.

Such equations arise naturally as averaging approximations to the nonlinear disper-
sive equations that model pulse propagation in dispersion managed (DM) optical fibers
[5,1,11] and a question of great interest has been the existence and stability of solitary
wave solutions. The first work in this direction was done for the ddse 2, which in
optical communications is known as conventional dispersion management. It was shown
that whenx > 0, the Hamiltoniar#{ possesses a ground stateHn = H(R; C) [21,8].

A natural extension of this work was to study the variational problem with 0. This
problem, while interesting from an analytical point of view, is also important physi-
cally, as certain physical effects that are destabilizing to pulse propagation in an optical
fiber are minimized in the regime ~ 0 [18,20] Due to Strichartz-type estimates for
solutions of linear dispersive equatiofd, the corresponding Hamiltonian is bounded
from below in L2 = L2(R; C). However, loss of compactness of a minimizing se-
quence could have become a problem, due to potential loss of control on derivatives.
Nevertheless, this variational problem was analyzed successfull§],jrnwhere it was
shown that vanishing and splitting of the minimizing sequence (in the language of
concentration compactne$$0]) is not possible in both Fourier and ‘physical’ space.
Hence the problem is essentially localized in Fourier and in physical space (Up to
errors which are controlled), and therefore one is back to the classical situation where
Sobolev's embedding theorem can be applied. As a result, the minimizing sequence
converged to a ground state, stronglyfiR.

Recent advances in manufacture techniques have made it possible to extend dispersion
management to higher-order dispersion, and for such a system the appropriate averaged
equation is again of the form irnL)—(3), but with M = 3. Analysis of the type irf21]
was carried out for the case > 0, yielding ground states ! = H1(R; C) [12].

Two natural questions come to mind when considering this case. First, can one extend
the analysis forx = 0 to this equation, and second, is it possible to further extend the
analysis to cases of arbitrarily high-order dispersion manageiidént 3)?



M. Kunze et al. / J. Differential Equations 209 (2005) 77-100 79

In this paper, we will show that the answer to these questions is affirmative, using
the method in[9]. We will also use a technical simplification of the method fri®h
relying on a certain multilinear estimate, which was suggested by an anonymous referee
of that paper. We will discuss compensation of both even and odd orders without lower
order terms, and furthermore mixed cases up to order three. The linear part of the
equation has the general forB)( To simplify the exposition, we will assume that all
p,, are periodic step-functions, more precisely tifgt(r — 1) = 3,,¢ + 1), S, =
—b, # 0 for r € (—1,0), and 8,,(r) = by, for ¢t € (0, 1) hold. Considering the more
general case witlf,, being general piecewise constant mean-zero periodic functions
does not create any new difficulties, but makes the derivations more cumbersome. In this
(symmetric) case and with zero average dispersiog, 0, the Hamiltonian functional
of the averaged equation reduces to

1
H(u)z—}/ / T ()ul* dx dt, (@)
2Jo Jr

where we have used that the integral over the pefied, 1) is equal to the double
value of the integral over0, 1). In (4) we denoted byr'(¢) the solution operator of
the general equation

M
iup =) b (=i0x)"u, (5)
m=2

which is the above linear equatior8)(for ¢+ € (0,1), and therefore with constant
coefficients. FurthermoreZ,, (+) stands for the solution operator of the linear equation
with the single dispersion terrﬁf’, i.e.,u(t,x) = (T,,(")ug)(x) solves

iuy = (—idy)"u (6)

with initial datau (0, x) = ug(x).
Our first main result concerns the pure higher-order dispersion case.

Theorem 1.1.Let m >3 and 7,,(¢) be defined vig6). Then the minimization problem
Py, = inf iq)m(u) ‘uel? / |u|2dx = 1} <0, @)
R
with the functionalp,, given by

1
(/)m(u):—/ / (T (Ou)(X)|*dx dt, ueL? (8)
0 R

possesses a solutiane L2.
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Note that the functionat{ from (4) has been renamed tp,, to allow for an
easier comparison withi9], which our strategy of proof follows; we will also use
the simplification mentioned above. The main new technical problem compari@d to
results from the fact that in the cage>3 the functionale,, is no longer invariant
under rotations, i.e., in genera;lm(e"“xu) # ¢,,(u) for a € R. Stated differently,p,,
is not invariant under translations of the Fourier transform. The latter property was
important in[9], since it allowed us to re-center those minimal sequences which are
localized in Fourier space, but whose ‘centers’ move off to infinity. Due to the lack
of invariance of the functional,, a new argument had to be found. It turned out,
however, that the loss of invariance was beneficial for the construction of a minimizing
sequence, as the sequences whose ‘centers’ move to infinity could be shown to be not
minimizing, see Lemma.5 below.

We prove the theorem in Sectigh by taking any minimizing sequence and con-
structing a strongly converging subsequence (up to translation of the original sequence).
The first step is to show, in Sectidhl, that there is a subsequence which is tight
in the Fourier domain. Then we will verify in Sectidh2 that there is yet another
subsequence which (up to translation) is also tight in physical space, from which the
strong convergence 2 follows.

For the mixed cases up to third order we could obtain a similar result, which in
particular yields the existence of a ground state in the motivating problem that was
described above.

Theorem 1.2. Let T'(¢) denote the solution operator of the equation
. 2 A3
iuy = —bp 0yu +ib3 0 u, where by, bz #0.
Then the minimization problem
P, = inf {(p(u) ‘ueL? / [ul?dx = 1} <0,
R

with the functionalep given by

1
Pu) = *f / (T @Ou)x)|*dxdt, ueL? 9)
o JrR

has a solutionu € L2.

Remark 1.3. Note, that the casés = 0, b2 # 0 has been treated 9] and the case
b3 # 0, b = 0 follows from Theoreml.1

Up to some technical differences, the proof of Theork@inaturally is quite similar
to the proof of Theoreni.l; it will be carried out in Sectior8.
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2. Proof of Theorem 1.1
2.1. Tightness of minimizing sequences in the Fourier domain

In this section we establish the tightness of every minimizing sequence in Fourier
space, up to selection of a subsequence; 28gif Corollary 2.8 below for the notion
of tightness we are using.

From @) we obtain the representation

(T (Du) (x) = f N G¢) de, (10)
R

where here and henceforth for simplicity atk-2actors in the Fourier transforms are
dropped, so that we havg(¢é) = f, e~'“*u(x)dx. A basic related Strichartz-type esti-
mate is

1T el 20040 g gy S Cllutll 2, € L2, (11

see[7] or [19, 5.19(b), p. 369with n = 1, ¢(&) = =&, k = m, q = 2(m + 2),

and o = 0. The following lemma states a certain refined multilinear estimate related to
T,.. The usefulness of such type of estimates was explained to the first author by an
anonymous referee dB], who also outlined its application (see Lemnia8 and 2.4
below); this help is gratefully acknowledged. In spirit, Lemr24 is similar to e.g.

[16] or [3, Lemma 2.2] where refinements of Strichartz’ estimates are discussed. We
remark that we did not try to optimize the decay powei:) in (12); for our purposes

it is sufficient to obtain some(m) > 0.

Lemma 2.1. There exists a constan® > 0 such that
(T ) (T ) 2 10,13y < C diStT, 14 Jul| 2wl 2 (12)

for all functions u, v € L? such thati and ¢ are supported in disjoint intervals
I c R and J C R, respectivelywhich are at positive distance. For >2 the function
qg(m) > 0 is defined by

m=1 . is even,

m)y=1 2 13
1 % cmis odd. (13)

Proof. Without loss of generality we may assume thdies to the left ofJ. Denoting
a = supl and b = inf J thus distl,J) = b —a > 0. Writing u(t) = T,,(t)u and
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v(t) = T,,(r)v we have from Parseval’s identity

IO T O3z 6, 110m) = /R fR Jut, )P |o(t, )1* L0,y (1) dx di

_ / f Oz, HG(x, &) dEdr,
RJR

with
® = F(uv), G = F(ivlo(t))
and F denoting the space-time Fourier transform. In view D) (thus
(1, &) = f / eI Ty (1, x)u(t, x) dx di
RJR
= [ [ aceniccado + & + o0~ & - ) dcade.
Consequently, the representation
I T O T OOz (0,118
- [ [icoicaoeg - g a+ oaads (14)

is obtained. Now we consider separately the two different cases.
Casel: mis even. Here we can use a well-known argument which relies on the
gain which is obtained by introducing a suitable transformation. For this we iet

(11, 12) = (=& = &5, &1+ &), dimpding = m|&5 ™ — &7 Hd&yd s, to get from (4)
and Hdlder’'s inequality

I (Tn (Du) (T () v) “igao,llxR)

dmdn,
1€t — E ™Y

dn,d Y2
<c( [ [ acamriacme e 12> 1Gl.2
RJR |C2(m™ ™ = &)™ 7 -

. . déqdé 12
<cC 2 2#) G
( /R /R a(ED P 19(E)] T 1Gll.2.

-1 _1.—1/2
SCE"=a"™) T lull2lvll 2 Gl 2 -

<c /R fR AL D) 1G 1. no)|
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Sincem — 1 is odd,p™ 1 —a""1>C(b —a)"1 = Cdist(1, J)" 1, cf. Lemma2.2(i)
below. Observing

1Gll,2, = lluvLioy®ll 2, = (T T2 0,117

we thus obtain 12) for evenm.

Case 2 mis odd,m = 2n + 1. First we are going to argue that without loss of
generality we can assume that— a >1. Indeed, Holder's inequality, the elementary
inequality [z|*<e72|z|? + £2" D ||2m+D) with & = |lu]|}3, and (1) yield

”(Tm(')”)(Tm(')v)||Lt2x([o,1]><[@) < ”Tm(')””L;‘X([O,l]xR) ||Tm(')v||fo([0,1]x[Rg)

1 mtl 1/4
< c<e—2 f lullZ2 it + 2" 75" ))
0

— ! — 2(m+1 /e
X<8 ZA ”U”%zdl—i-é'z(m 1)||U||L(2m )>

< Cllullzllvligz;

observe tha’(m)(é) = e‘”fmﬁ(é), whenceT,, (¢) preserves allH*-norms. Thus if
b —a<1, then we can produce any factok1b — a)™7 = dist(Z, J)~? on the right-
hand side. Therefore, we will suppose in the sequel thatz > 1. Inserting the factor
jem=1 _ em=1 7V 0 (14 Helder's inequality leads to

[CAOMICAODI -

N 3/2, 3/2 2/3
gc(/ [ (EDIT 0 ()| d51d52>
R

-1 _1,1/2
RS =&

1/3
x( f |é§”1—&’1"1||G(—6T—5’5,51+5z>|3d61d62)
RJR

<c(/ (&0 [¥25(E,) 22

1/2
NRTC
1/3
x / f |G(n1,n2>|3dn1dnz) :
RJR

2/3
déldéZ>
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where in the last step we have again used the transformation,) = (—&7'—¢&5, &1+
&,). To bound the first term, we note that f¢s € J and &, € I the estimate

&-8 = G-+ @G+ + 8+ @
> 16— alle+ al(E" Y+ 8" V)2 co-alb+ &l

follows from b — a>1, see Lemma2.2(ii). Therefore the Hardy-Littlewood—Sobolev
inequality [17, p. 31]implies

I T OO T OV (0 11y

. 3/2,x 3/2 2/3
<caisur, ([ R'”(ﬁlgz'+'g’l(|ff2)' deidsz) 1613

2/3
L4/3

2/3
~13/2 ~13/2
jal® 1912
L4/3

<cdist, J)~3

Gl;3
1Gll3,

<Cdist(l, T ull 2l 201Gl (15)
Thus it remains to estimatgG||,s . For this purpose, we note that
T

IGl3, = | F (@v110,15(1)) e < Clluviio ()l 372

1 2/3
c(/ f |u(t,x)|3/2|v(t,x)|3/2dxdt>
0 JR
1 1/3 1 1/3
c(/ / |u(t,x)|3dxdt> </ /lv(t,x)|3dxdt) . (16)
0 JR 0 JR

Using the elementary inequality|3 <e~1|z|2 + ¢2"~1|z|2+D with ¢ = ||u||22l and
(112), we get similarly as before

VAN

1 1
_ — 2 1
u(t, x)Pdxdt<C( e | ful?,de + e Hul 79 ) < Cllul3,.
0o Jr 0 L

Thus @2) follows from (15) and (L6). This completes the proof of Lemnial O
The following technical lemma has been needed in the above proof.
Lemma 2.2. (i) Letn € N be odd. Thery” — a” >2¥""(b — a)" for everya,b € R

with b>a. (ii) Let k € N. There exists a constar > 0 such that whenevet, b € R
with b —a>1, then &, <a and &, >b implies £ + &3¢ > C.
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Proof. (i) We haveb" —a" = an x"Ydx. If b>a>0, thean Ly > f)b_a xt=1
dx = n"Yb —a)". If b>0>a and b +a>0, then ["x"Ldx = [P79/2 =14y
+/(:7u)/2 xn—l dx > L‘(b—a)/z xn—l dx + L(f—a)/z xn—l dx = L(Z):C;))/fz xn—l dx = n—l

2l-n(h — @)". If b>0>a and b + a<0, then th"’ldx = faﬁ(_h%g)/zx dx

b -1 —b —1 b —1 _ rb-a)/2 1 _
T Lo a2 X" Hdx= [ X T hdx + [Ty X" dx = [ x" T dx =

n~121"(h — a)". The last caser<b<0 is symmetric tob>a>0. (i) If b>a >0,
thenb>1+a>1, whenceé? + 25 >p% >1. If b>0>a anda < — 1/2, then&d +
2 >a%>27% If p>0>a anda> —1/2, thenb>1+a>1/2, thusé? + &3 > b2 >
2-2%_Finally, if a<b<0, thenla] = —a>1—b>1 yields & + ¥ >ja% >1. O

Next we need to establish yet another technical lemma; regplio¢ the definition
of Py .

Lemma 2.3. There exists a constanf; > 0 with the following property Let ¢ >
0, N e N, and u € L? with ||ul|;2 = 1 be given and choose < b such that

Lo @) 2dé =¢e/2= [ a()|?dE. Then

2 (m) 2q(m) 1/4
£ C1N1 C1N
”Tm(')“”[‘fx([(),l]x[g) < [(_Pl,m)(l - E) b a)q(m) + b a)Zq(m)i|

+CINTY2,
with g (m) > 0 from (13).

Proof. For a fixedu as in the assumption we divide the interyal ] into N subinter-
vals of equal lengthib —a)/N. Then there must be one of tiNesubintervals, denoted

[a’, '], such thatﬂ’ 1i(&)2dE<N~L. We introduceu;, ug, u, € L? through
i = 1]700,a’[ i, ug= 1[,4/’[,/] u, and u, = 1]1,/’00[ i.

It follows that u = u; + ug + u, and moreover that

/

2 n . _
JuoliZ, = liol%: = [ a2 de <N,

a

Furthermore,

1= [aeraes [ pord =i [ aorde=3

o0 —
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In summary, taking into account the analogous boundg:o1j; 2, we have shown that

luoll 2 <N"Y2, e/2<lwll2<1, and e/2< lu, 2 < 1.

In addition, we also have

||uz||iz+||ur||§2=/ Iﬁ(€)|2d5+// |ﬁ(é)|2dé<f ()P dé =1,

hence

2
£

Nl %o 4 Nl 132 <L = 20ug 125l 12, <1 — =
L L L L 2

Since the supports af; and i, have distance at least —a’ = (b —a)/N, Lemma
2.1 implies

C ) 5 CN?%
b_aZ Nurllg2llurlly 2 S ——7

1
T (0w Ty ()| dix di < ,
/O/R| (g T (O)uy|? dx dt . b

whereqg = g(m). On the other hand, by definition dt; ,, we also have
1
/0 /R T (| * dx dt < (—Prw)llus||§.<C
and analogously

1
Ty (1)t | dix dt < (= Pry) llur |, < C.
0 JR ' L

From Holder's inequality we thus deduce

1 1 1/2
/ / | Ty (0t 131 T (Ouy | dx dt < ( / / |Tm<z)uz|4dxdr)
0 R 0 R
1 1/2
x( / / |Tm(t>uz|2|Tm<r>ur|2dxdr)
0 R

CN1
< —
(b —a)
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and the same estimate is obtained if the roles;,0dnd u, are exchanged. Expanding

T (1) r + u)|* = [T (Our|* + T (Oug| 3| T (Ot | 4 61Ty (1)1 || Ty (1)
+ AT (Oug|| T (Our | 4 | T (£t |*

and invoking the above estimates, it follows that

1
/ f |Tm(t)(1/ll +ur)|4dxdt
0 JR

B B CNY CN%
<P (Il + o)

Tt T o

<p(1-G)+ N O
S 1,m 2 (b_a)l] (b—a)zl]'

If we finally take into account

1
f / Ty (ol dx di < (— Pry) o], <CN 2,
0 R

then the triangle inequality ||Tm(')”||L;*x([o,1]xR)<||Tm(')(”l +”f)”Lf;([0,l]><R)
+ 1T uoll 14 0,.17xr) COMPpletes the proof of the lemma. ]

The next lemma is a useful consequence of Lenth&a

Lemma 2.4. For every e > 0 there existo = 6, > 0 and R = R, > 0 with the
following property. Ifu € L? satisfies||u||;2 = 1 and @(u) < P, + 6, and ifa < b
are such that(_[i(&)[?dé =¢e/2= [ |i()|?d¢E, thenb —a<R.

Proof. DenoteC; > 0 the constant from Lemma.3 and for givens > 0 set

. |Pl,m |52

16C{N4m 1/q(m)
5 ) |

and R:max{N,( 5
|P1,m|8

where N = N, is introduced in {7) below. If u € L2 satisfies||u|;2 = 1 and
@) < Py + 0, and if a < b are such that/_[i(&)|?dé = e/2 = [ [a(&)|2dE,
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thenb —a > R cannot occur. Indeed, # —a > R, then Lemma2.3 would yield

2

1/4
pfmmml—%)] = [~ PLw — S < [=p@)]Y* = I TOull 14 0.11xm)

82) Cy N1 cyN2am) :|1/4

S [(_Pl"”)(l ) Ra(m) R24(m)

+CIN12

for every N € N. If we selectN = N, € N such that

CIN-Y2< [(—Pl,m)<1 ~ %)}1/4 ) [(—Pl,m)(l B ?)}1/4, (17)

then we obtain by definition oR the contradiction

&2 Cqu(m) ClNZq(m) ZCqu(Wl) &2
(_Pl,m)zg Rq(m) + RZq(m) S Rq(m) g(_Pl,m)g-

Hence we must in fact have—a<R. O

After this preparation we can take the main step towards finding a minimizing se-
quence which is tight in the Fourier domain.

Lemma 2.5. Letm >3 and («;) be any minimizing sequence &1 ,,. Then there exist
a subsequenc@vhich is not relabellefiand ¢; € R for j € N such that the following
holds

(@) supey I€j| < o0, and
(b) for everye > 0 there isR = R, > 0 and j, € N so that

/llemA%ﬁ>1—a jZJe-
c—¢jl<

Proof. For a fixed sequence, \, 0 we choosedy = d;, 0 and Ry = R, /' o0
correspondingly by means of Lemnfa4. Since (x;) is a minimizing sequence for
Py, it follows from ¢(u;) — P1, that for everyk € N there is j; € N such that
@u;j)< Py, + 0 for j > ji. Passing to a subsequence if necessary we therefore may
assumep(u ;) < P, + O for j>k.

€3]
Let us start by fixingj = 1. We first selechil) < b(ll) such that [} [i1]2d¢ =
£1/2 = fb?f)’ 1|2 déE. Since ¢(u1) < P, + 01, we obtain from Lemm&.4 that bgl) -
1
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ail) < R1. Denotingé, = (ail) +b§1))/2 the center of the intervdbil), b(ll)], it follows
that

1+ R bgl)
[ wwmPae= [T Ciakdes [ apde=1-e
[E=¢1l<Ry 4 ag

1—R1

The next step is to fixj = 2 and to considew;. First we choosenél) < bél)
with the property thatf_“éol) li2|2dé =e1/2 = fb?fi |ii2|? dé. Due 10 @(u2) < Pp,y + 01,
Lemma 2.4 yields bgl) - aél)SRl. Next we sfelectaéz) < aél) and béz) > bgl) such
that ﬁg) li2|2dé = e2/2 = égﬁ |lii2|? d&. Then @(uz) < P1,, + &2 in conjunction with

Lemma2.4 implies b(22) - aéz) < R2. We denotel, = (aél) + bél))/z the center of the
interval [a5”, b5V 1. Thenbs? —a$? < Ry implies &+ Ry > b5 as well asé,— Ry <ay”,

whence

2 R wo
[ iwePac= [ CiiPacs [ iiaPdi=1-e
|€—Cal<R1 &—Re

az

In addition, we also havé,> aél) >a§2), thus &, + R2 >a§2) +R2> béz), and similarly
& <b b yields &, — Ry <bS? — Ry<ay’. Therefore

2 otk by’ 2
2 = 2 > 2 =1-—e.
lilPde= [ lagPaez [ lide=1-¢
[E—Col<R2 &—Ro as

This procedure can be continued inductively to yield a sequeédpec R such that
/ iy 2dE>1— e, 1<K<),
[E—¢jl<Ry

holds. Then (b) is satisfied, since given- 0 we may chooség € N with g, <e and
setR = Ry, and j. = ko. Then j > j. = ko implies

f a2 dé = i, PdE21— e 21—,
[E=¢jI<R [E=Cjl<Rig

as was to be shown. Consequently, it remains to prove the boundedn€ss.cdfo do
so, we can assume that on the contrary there is a subsequence (not relabelled) such
that {; — oo; the case that; — —oo along a subsequence can be handled similarly.
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Now we fix ¢ > 0 and chooseR = R, > 0 and j, € N according to (b). Then we
decompose

<>

I:ij =v;+ UA).,‘, with lA)j = 1['fj—Rs5j+R] ﬁj, J = Je-

Hence a Lipschitz estimate fas,,, analogous t49, (2.5)] in conjunction with|ju;||,
=1 and Lemma2.6 below yields forj € N sufficiently large,

10 ) < 19, ) = @ DI+ | (V)]

N

—(m-2)/3 4
C (W32 + o032 )l = w2 + €& "2 P17,

N

A —(m—2)/3
Clibjll o +C& ™2 =c(/|

1/2
& Pde)  +cgmTPR
E-¢j1=R !

1/2
= C(l— /¢ 5 Iﬁj(f)|2d6> AR N/ N ol il
[E=Cjl<R : .

Taking the limit j — oo, this and the fact thafx;) is a minimizing sequence gives
|P1m| <C.4/¢ for all ¢ > 0, whencePy ,, = 0. However, similar td9, Lemma 2.5]one
can show thatP;,, < 0, which gives a contradiction. Hence we conclude that indeed
(£;) must be bounded. ]

We add two more technical results that have been used before.

Lemma 2.6. Let m >3 and ¢,, be defined as if8). If u € L? is such thatsupg)
[¢. — R, &, + R] for someé, > max{1, 2R} > 0, then

|9 )| < CESM=DP3)y4,.

Proof. From (L0) we recall (T,,(Nu)(x) = f, e!@¢~"€Di(&) dé. By integrating out
ng dt fpdx, it thus follows that

1 _ -
(o (1) = / [ T (el dx dit = / / déy. .. dEad(EDRE)A(EAEr)
0 R R R
(=)

04

x00(E1 — &a + &3 — &a) (1—e™),
where

=0y, ..., 8) =CT — & + 85— &
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Therefore we obtain

[@,,(w)| = /‘R/R/Rdﬁldﬁzd@ﬁ(fl)ﬁ(fz)ﬁ(@)ﬁ(fl—52+53)
x(_Ti)(l—e_"ﬂ)

C/R/R/Rdfldfzdfs|ft(51)|lﬁ(fz)||ﬁ(53)|lﬁ(51— Eo 4 &)

1
X )
1+1pl

(18)
with
B=P(1.En L) =8 — & + 83 — (&1 — &+ &)

and we used tha]t[%(l— éh<ca+ gt

Casel: mis even. We fixo €]0, 1] and perform an argument like if®, Lemma
2.10] (i) On the set wheref; —&,| < we get from Young's inequality, cf6, Corollary
4.5.2] and with g(—)(&) := g(=¢)

/ / / dEydérdia e, e, <o lAEDNAEDNACENNA(EL — &2+ )| ——

1+ 1Bl
< [ [ [ acuanazs 1y <q ticoliac - liicaliao + &l
~ ~ 2 4
<c |l s<ciunto. (19)
(i) On the set whergé, — &3] <9, we obtain in the same manner
/ / / dé1dlodlz e,y <5y lUEDNAEDNE(EDNE(E — o + )| l+|[3|
<CIIMIIL25- (20)

(i) Now we consider the case thaf; — &,| >0 and |&, — &3> 0. Due to (L8) we
can always restrict our attention t&, &, &3 € supfu), whenceéq, &, E32E, —
R>¢&,/2 by assumption. Accordingly, by Lemm&a7(a) below we can estimate for
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an appropriate)y > 0,

1+1p(C1, €2, €9 = 161 — &all&2 — Call B —2(&1. &2, C3)
Molé1 — Galléa — El(IE4™ 2 + &2 + &1 )

3272y EmTRNE — &l|Ep — &l
(3/2)52 27D EM2 (L 4 &) — &,l1E, — Ea)).

WV

WV

WV

It follows that

fR fR /R dErdEydesLye s, 5. 10ty [AEDNAENAE A EL — &+ E9)
1
14 1f
<C52E 2 /R fR fR A1 dE dEs |AEDIAENAENAEL — & + &)

1
1+ 11 — &allén — &5l

<CO2E D1, (21)

X

where for the last estimate one can for instance use the bound obtained[%rom
(2.23)} with 6 = 1 and A = 2 there, also noting thak'(A)<|u[?, for every A > 0

and moreover that nowb ~ i gives || @] 2 < |lu| 2 rather than||<1>||Lz<C||u||i2, as
we had in[9]. By (18), and summarizing1©9)—(21), we see that

|9 ()] < c(5 + 5‘25;“"‘2)) lull?, <CE 2B u),,

where we have chosen the optimiak= &, "~2/3<1.
Case2: mis odd. In principle we follow the same lines as before. Now we use
Lemma?2.7(b) below to obtain

1+ 1B(E1. &, &)l = 1E1 — Eallén — E3lIér + E3llB—3(E1, Eo, E3)|
> mléy — EallEn — E3llér + Eal(1Eal™ 3 4 1Eo)™ 3 4 &3 73).
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Thus iféq, &, &3228 —R>E,/2, then|E+&3] = §1+E83 =, and &1 — &y, [Ep—E3[ >0
yields

1+ 1By, Ea, Eg)l = B2y EM721E — &))|E, — &4
> (3/2)5227 My EMTR (A4 () - &yl — Eal).

Hence the preceding argument can be applied once mare.

Lemma 2.7. Let m € N and
ﬁ(xvyvz)zxm_ym—i_zm_(x_y+z)mv x1y1Z€R'

(@) If m is eventhen we can writef(x, y,z) = (x — y)(y — 2)f,,_2(x, ¥, z) with a
polynomial ,,_, of degreem — 2 such that|B,,_»(x, y, 2)| = no(|lx|" 2+ |y|"~? +
|z —2) for someny > 0 and all x, y, z € R.

(b) If m>3 is odd then we havef(x,y,z) = (x — )y — 2)(x + 2)f,,_3(x, ¥, 2),
where 8,5 is a polynomial of degree: — 3 so that|B,,_3(x, v, 2)| =n,(Ix|" 3+
ly|"=3 + |z|"=3) holds for some;; > 0 and all x, y, z € R.

Proof. (a) We can assume that>4. First we show thaf(x, y, z) = 0 impliesx =y
or y = z. For this purpose we fixg # zo and consider the functiofi(x) = f(x, yo, z0)-
Then f(yo) = 0 and moreoverf’(x) = mx"™ 1 —m(x — yo+ z0)" ! for x € R. Since
(m — 1) is even,u — u™1 is one-to-one orR. Hence it follows thatf’(x) # O for
x € R, i.e., fis either strictly increasing of strictly decreasing. In both cases we obtain
f(x) # 0 for x # yo as claimed, and this leads flox, y, z) = (x—y)*(y—2)! B(x, y, 2)
for some maximak, ! € N and a polynomiaB of degree(m — k —[). Differentiating
both sides w.r. tx yields mx™ " 1—m(x—y+2)" "1 = (x—y)* L(y—2)[(x—y), B+kB]
for all x,y,z € R. Thus if k>2, thenx = y enforcesmx™ 1 —mz"~1 = 0 for all
x,z € R, which is impossible. It follows that = 1, and similarly/ = 1, so that we
obtain f(x, y,2) = (x = y)(y —2)B,,_2(x, ¥, 2), wheref,,_, is a polynomial of degree
m — 2. Next we claim that

Bp_2(x0,y0,200=0 = xo=yo=2z20=0. (22)

Indeed, if §,,_»(x0, Yo, z0) = O, then alsof(xo, yo, z0) = 0, and consequentlyg =

Yo Or yo = zo. Assumingyo # zo we can further factorfs,,_»(x, yo, z0) = (x —
x0) B, _2(x, yo, zo) for x € R, so thatf(x, yo, z0) = (x — yo) (Yo — 20) B,,_2(x, Y0, z0) =

(x — y0)%(yo — ZO)Bm—Z(X,yO, z0) due toxp = yp. Differentiating the original form
of f w.r. to x we see thatn(x"™ 1 — (x — yo + 20" D = (x — yo)(yo — zo)[(x —
¥0)0x B2 + 2B,_o] for x € R, which atx = xo = yo yields m(xg~* -z~ = 0.
Hence the contradictiong = xg = zo is found. Therefore we have seen that in
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fact f8,,_o(xo0, y0,z0) = O implies xo = yo = zo. Differentiating f(x, y,z) = (x —
WO = 2)Pp_o(x,y,2) W to x andy, we getm(m — 1)(x —y +2)" 2 = (x —
Ny — Z)aiyﬁmfZ +(x =2y +2)0xfyo+ (v — Z)a,\’ﬂm72 + B2 At x0 = yo =
zo0, this givesm(m — 1)z"? =0, ie., @2 holds. Thus we must have the estimate
1Bu_2(x, ¥, 2)| = no(|x|"~24|y|"~?+|z|™~?) for some constani, > 0 and allx, y, z €
R. Otherwise there would exist sequendes), (y;), (z;) C R and nj — 0t such that
Br—2(xjn izl < mj(Ixj "2 4 |y;I" =2 + |z;|™2) for all j € N. If we assume
w.l.o.g that O< |z;| = max{|x;[, |y;|, |z;|} and definex; = x;/|z;l, ¥; = y;/Iz;l, and
zj =zj/lzjl, then|x;|, 13;1<1=|z;|, so that we can suppose thgt— xo, ¥; — yo,
andz; — zo asj — oo, where|zg| = 1. But f(x, y,2) = (x =) (y —2)B_2(x, ¥, 2)
shows thatf,,_, is homogeneous of degree — 2, thus asj — oo

1B—2(x0, Y0, 20)| < Br2Ejs 55 2] = 12,17 " 21B,0_o(xj, vj» 2))
< i7" (TR TR+ 12

< 317j—>0, j — oo.

We hence obtains,,_»(xo, yo,z0) = 0, which however contradicts2®) in view of
|zol = 1. (b) The proof of (b) can be carried out along similar lines as in (a), so we
do not expand the details.[]

Finally, we are in the position to show that any minimizing sequence is (up to a
subsequence) tight in Fourier space.

Corollary 2.8. Let m>3 and (z;) be any minimizing sequence fé% ,,. Then there
exists a subsequend@hich is not relabelledsuch that the following holdd-or every
e > 0 there isR = R, > 0 and j. € N so that

R
f @ 2dEz1—6 2. (23)
R

Proof. Let the subsequence dit;) be chosen as in Lemma.5 and letR; =
SUP;en |£j|. If ¢ > 0 is given, then we seR, = R1 + R, > 0 and j, = j. € N,
where R, and j, are selected corresponding toby means of Lemma2.5. Then
[¢j = Re. &) + Re] C [=Re, Re] implies [ 1a;12d¢> [ . g aj2dE>1 ¢ for
j=je- U '

2.2. Tightness in physical space and convergence

In the previous section, we have shown that any minimizing sequence possesses a
subsequence which is tight in Fourier space. Now, we will prove that there is yet
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another subsequence which (up to translation) will be tight-space, leading to the
strong convergence (ifi2) to a minimizer. The proofs in this section are rather similar
to the ones iM9], and therefore we provide details only when necessary.

We first prove one estimate which will be used to rule out the alternatives ‘vanishing’
and ‘splitting’ in the concentration compactness lemma. Since this part of the argument
does not rely on the pure higher-order dispersion form, we will more generally consider
T () defined via §), instead ofT,, () as obtained from®).

Lemma 2.9. Let T(r) be the solution operator associated 6). If u € H¥~1 =
HM-YR;C), A> 0, andr € R, then

A 2A
fA|T<t)u|2dx</2 lul?dx + CA™ e | ull2,p-s.

Proof. Let u(¢,x) = (T (t)u)(x). From Eq. §) we obtain
M
O (Jul®) = 2 Re(iiu;) = 2 Im(ﬁ > bm(—iﬁx)mu).

Thus if we choose a functiod e CSO(R) with values in[0, 1] such that{(x) = 1
for |x|< A, {(x) =0 for |x| >2A, and ||’ | Loo(my SCA™ 1 then is follows with! () =
fo L lu(t, x)|?dx that

M
I(1)=2 Z b Im((—i)’” /R G afudx)

m=2

Now
/ (i O udx = — / [+ (@] " M dx = () — f (@it & udx
R R R

where|J1(1)| <CA™u@) | 2llu(®)ll -1 < CAHul|3,, ,; for the latter estimate, note

that (1) (&) = e~ Cn=2bn (&), whence|lu(t) s = lullys for s € R. Then we
may continue

/ Cu@ udx = Ji(t) +f [ (Oyi) + C(ézﬁ) 2y dx =: J1(t) + J2(1)

+/§(a )am 2
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where again|12(t)|SCA*1||u||2M_1. Thus the repeated application of this procedure
finally yields

/ Lid afudxzj(r)+(—1)m/ (@) wyudx,
R R

with |J(1)| <CA™*ull3,,_,. Therefore

M M
=23 ba Im((—i)’"/ ti aTudx> =3 bu Im((—i)'”](z))
m=2 R

m=2

leads to|7(1)| <CA~*ul|3,,_,. Hence for: >0,

A t
f IT (H)u|?dx < / Cu)Pdx = 1(t) =1(0)+/ I(s)ds
A R 0

< fR Ll dx + CA™ el lullZ -1,

which implies the required estimatel]
Following the lines off9, Lemma 2.7] one then establishes the next estimate.

Lemma 2.10. For u € HM-1 t €[0,1], and A>1 we have

x0+2A

/ |T(r)u|4dx<c( sup |u|2dx+A1||u||§,M1)||u||§,1.
R x0€R J xg—2A

Now, we are ready complete the proof of Theor&ém. Our argument varies only
slightly from the original one in[9]. From Corollary2.8 we already know that by
passing to a subsequence of any minimizing sequémgg we may assume thdfi ;)
is tight, in the sense 0f2@). Then the concentration compactness lemma is applied to
(uj), see[10] or [9, Lemma 3.1]for the form which is to be used here. This leads to
three alternatives for (a further subsequence of) the sequangenamely ‘tightness’,
‘vanishing’, or ‘splitting’. In the first case one can follow the reasonind9n Section
4.1.1] to prove that(u;) has a strong limit inL?, which then yields the desired
minimizer for Py ,. This argument only relies on the shift invariangg (u(- + xg)) =
@,,(u), which holds here, sincél (t)u(- + x0))(x) = (T (t)u)(x + xp) iS a consequence
of the fact that both sides have Fourier transfarfi?é—i(Cu=2bn&™ (&), Finally, to
rule out ‘vanishing’ one can just copy the argument giveri9n Section 4.1.2]Jusing
Lemma2.10 and that ‘splitting’ is impossible may be verified as[#) Section 4.1.3]
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3. Proof of Theorem 1.2

Given the similarity of Theoreni.2 to Theoreml.1, we do only point out which
modifications are necessary to carry through the argument elaborated in S2ction
LemmaZ2.1 has to be replaced by the following:

Lemma 3.1. There exists a constar® > 0 such that
1T (T ) 2 (0,11 <C distd, D™ Jull2]vll 2

for all functionsu, v € L? such thati and © are supported in disjoint intervalg ¢ R
and J C R, respectivelywhich are at positive distance

Proof. The relation
) = (T = [ e ae (24)
R
yields, in the notation of Lemma.1,

0,6 = [ [ aenicedole + o) +oEnin - & - b de,
whence
ITODT Oz 10, 15xm)
- fR /R AEDIENG(—0(E)) — 0(E), &y + Ep) dEy dy,

where 6(&) = bpE? + b33, Then we proceed as in Lemn2al in the Case 2rf odd)
and insert the factofo’(¢1) — o/ (£)|~1/3+1/3 into the integral. To estimate the second
resulting term

13
R2=< /R /R |a’<él>—a’(cfz>||G<—a(cfl>—a(éz),él+éz>|3dcfldéz) ,

we introduce the transformatiofy, 17,) = (—a(&1) — a(&2), &1 + &), which leads to
R2<C|Gll 3 <Cllullp2llvl 2 as before. For the first resulting term

N 3/2n ¢ 113/2 2/3
Ry — (f Iu(éf)l |v(f2)|1/2 d€1d52> ’
1JJ16'(C1) — /(<o)
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we observe thalo’ (¢1) — o' (&2)| = [3b3(Ef — &5) + 2bo(¢é1 — Ep)| = |1 — Eol|13ba(éq +

E)) +2bo| =C (b —a)|éqy + Ey+ 9| for & € I and &, € J, with y = 2b,/(3b3). Then

in the subsequent application of the Hardy—Littlewood—Sobolev inequality the constant
y can be absorbed through e.g. the transformatipny,) = (&1, & + 7). Hence it

is found that ||(T(-)u)(T(-)v)||itzx([0’l]xR)gCRlegcdist(I, D7 ul?,)v)2,, as
before. [

The only other place in SectioB.1 where the particular forms(¢) = &" of the
dispersion function in the pure higher-order dispersion case was used is L&rima
Accordingly, we have to derive an appropriate modification for the mixed case consid-
ered here, where we havg¢) = bpE? + baél.

Lemma 3.2. Let ¢ be given by(9). If u € L? is such thatsupfi) C [£, — R, &, + R]
for someé, > max{1, 2R, 2|b2|/|b3|} > O, then

()| <CEM3ullt,.

Proof. From @4) one deduces in analogy td8§),

1

|<o(u>|<c///dcfldcfzdég|ﬁ(él)||ﬁ<£2)||ﬁ<é3)||ﬁ<51—£2+c“3>|—,
rRJRJR 1+ B

where
B = B(&1, &2, &3) = a(&1) — a(&2) + a(&3) — (&g — &2+ Ca).
With (&) = ba¢é? + b3é®, this is evaluated as
B= (11— (& — E9) (202 + Bba(&y + &)

and if |§1 — &ol, [&o — &3l =0 and &y, &r, E3 > ¢, — R>E,/2 as well ast, >2|by|/|bs],
then for ¢ €]0, 1],

L+ 1Bl > 161 - &l — &l (3ibal & + o) — 212
> 161~ &llép — &l (3lbslé. — 210 )

> 2lba| &y — EollEp — &3l &, > 0%Ibal (L + &1 — Eallén — &al) &
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Therefore, it is clear that the argument from Lemgh& can be applied to obtain the
desired estimate.[d

Since we have seen that the necessary modifications compared to Skdtiare
possible, it follows as in Corollarg.8 that any minimizing sequencdg ;) for Py has a
subsequence (which is not relabelled) such tay is tight, in the sense of2@). Next
we observe that concerning the application of the concentration compactness lemma
to (u;) in Section2.2, we already established Lemmas9 and 2.10 for the general
mixed dispersion case, i.e., f@t(z) defined via §). Thus these results in particular are
valid in the mixed third-order case which is considered here. Hence one can follow
the reasoning which is outlined in Secti@?2 and elaborated if9] to complete the
proof of Theorem1.2 O
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